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Is gauge-invariant complete decomposition of the nucleon spin possible? Although it is a
difficult theoretical question which has not reached a complete consensus yet, a general
agreement now is that there are at least two physically inequivalent gauge-invariant de-
compositions (I) and (II) of the nucleon. In these two decompositions, the intrinsic spin
parts of quarks and gluons are just common. What discriminate these two decomposi-
tions are the orbital angular momentum parts. The orbital angular momenta of quarks
and gluons appearing in the decomposition (I) are the so-called “mechanical” orbital
angular momenta, while those appearing in the decomposition (II) are the generalized
(gauge-invariant) “canonical” ones. By this reason, these decompositions are also called
the “mechanical” and “canonical” decompositions of the nucleon spin, respectively. A
crucially important question is which decomposition is more favorable from the obser-
vational viewpoint. The main objective of this concise review is to try to answer this
question with careful consideration of recent intensive researches on this problem.
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1. Introduction
The so-called “nucleon spin puzzle” raised by the epoch-making measurements by
the EMC Collaboration in 1987 is still one of the most fundamental problems in
quantum chromodynamics (QCD).1, 2 (General review of the nucleon spin problem,
can, for example, be found in Refs. 3, 4, 5, 6, 7, 8, 9, 10.) In the past ten years,
there have been several remarkable progresses on this problem from the experimen-
tal side. First, a lot of experimental evidence has been accumulated, which indicates
that the gluon polarization inside the nucleon would not be extremely large.11–14 At
the least, now it seems widely accepted that the UA(1)-anomaly motivated expla-
nation of the nucleon spin puzzle15–17 is disfavored. Second, the quark spin fraction
or the net longitudinal quark polarization ∆q has been fairly precisely determined
through high-statistics measurements of the deuteron spin structure function by
COMPASS18, 19 and the HEREMES group.20 According to these analyses, the por-
tion of the nucleon spin coming from the intrinsic quark spin turned out to be around
1/3. What carries the rest 2/3 of the nucleon spin, then ? This is a fundamental
question of QCD, which we must answer. To answer this question unambiguously,
we cannot avoid to clarify the following issues :
• What is a precise (QCD) definition of each term of the decomposition ?
• How can we extract individual term by means of direct measurements ?
Since QCD is a color SU(3) gauge theory, and because the general principle of
physics dictates that gauge-invariance is a necessary condition of observability, the
gauge-invariance is believed to play a crucially important role in the nucleon spin
decomposition problem.21–27 In the past several years, this interesting but difficult
problem has been an object of intense debate.28–81 Very recently, Leader and Lorce´
wrote a fairly extensive first review, which nicely summarizes the current status
of the nucleon spin decomposition problem.82 The purpose of the present shorter
review is to give a general survey on the same problem from somewhat different
viewpoint from theirs.
The broad guideline of the paper is as follows. First, in Sect.2, we start with
concisely reviewing the history of the nucleon spin decomposition problem. It is ex-
plained why there exist two totally different decompositions of the nucleon spin and
how they are different. Next, in Sect.2, we shall dwell on controversial theoretical
issues on the gauge-invariant decomposition problem of the nucleon spin. We point
out that there are conceptually opposing two approaches to the problem. The one is
the standard gauge-fixing approach, while the other is the so-called gauge-invariant-
extension (GIE) approach. A critical difference between these two ways of thinking
is explained in detail. In Sect. 4, we briefly introduce the recent controversies on the
transverse nucleon spin decomposition. The main focus there is put on clarifying
a significant difference between the transverse spin sum rule and the longitudinal
spin sum rule. In Sect.5, we shall look at the question whether the canonical orbital
angular momentum (OAM) truly satisfies the standard SU(2) commutation rela-
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tion. Contrary to wide-spread belief, it is shown that neither the canonical OAM
nor the intrinsic spin of the massless gauge field satisfies the SU(2) commutation
relation, and that this fact is inseparably connected with the vanishing mass of
the photon or the gluon. An important conclusion drawn from this consideration is
that only the longitudinal component of the total gluon angular momentum can be
decomposed into its intrinsic spin and orbital OAM parts in a gauge- and frame-
independent way. What characterizes the difference between the two different OAMs
of the quarks and gluons is the potential angular momentum in the terminology of
Ref. 41. To understand its physical meaning is of vital importance for answering
the question “Which of the canonical OAM or the mechanical OAM is a physical
quantity from the viewpoint of observability?” Naturally, only the high-energy deep-
inelastic-scattering (DIS) measurements, which raised the problem in the first place,
would provide us with a possible practical means to answer the proposed question
on the nucleon spin decompositions. Section 7 is therefore devoted to the most im-
portant issue of the nucleon spin decomposition problem : how can we relate the
two existing nucleon spin decompositions, i.e. the mechanical decomposition and the
canonical decomposition, to direct high-energy deep-inelastic-scattering (DIS) ob-
servables? We try to answer this question with the help of several recent researches
in this direction. Finally, in Sect.8, we shall summarize what we have leaned and
make some concluding remarks.
2. A Brief History of the Nucleon Spin Decomposition Problem
The existence of two different decompositions of the nucleon spin has been long
known in the QCD spin physics community. One is the Jaffe-Manohar decomposition
given as21
JQCD =
∫
ψ†
1
2
Σψ d3x +
∫
ψ† x× 1
i
∇ψ d3x
+
∫
Ea ×Aa d3x +
∫
Eai x×∇Aai d3x, (1)
with a being the color index of the gluon field, while the other is the Ji decomposition
given as follows22, 23 :
JQCD =
∫
ψ†
1
2
Σψ d3x +
∫
ψ† x× 1
i
Dψ d3x
+
∫
x× (Ea ×Ba) d3x, (2)
where D is the standard covariant derivative defined by D ≡ ∇ − i gA. In these
popular decompositions, only the intrinsic quark spin part is common, and the
other parts are all different. (See Fig.1.) An apparent disadvantage of the Jaffe-
Manohar decomposition is that each term is not separately gauge-invariant, except
for the quark spin part. On the other hand, each term of the Ji decomposition is
separately gauge-invariant. Unfortunately, it was claimed and has been long believed
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that further gauge-invariant decomposition of the total gluon angular momentum
into its spin and orbital parts is impossible in this widely-known gauge-invariant
decomposition.
Jaffe-Manohar decomposition Ji decomposition
1
2

L
0
q
G
L
0
G
1
2

L
q
J
G
Fig. 1. Two widely-known nucleon spin decompositions.
An especially annoying observation was that, since the quark orbital angular
momenta (OAMs) in the two decompositions are apparently different, i.e.
L′q 6= Lq, (3)
one must inevitably conclude that the sum of the gluon spin and the gluon OAM
in the Jaffe-Manohar decomposition does not coincide with the total gluon angular
momentum in the Ji decomposition,
∆G + L′G 6= JG. (4)
Intensive debates began several years ago when Chen et al.28, 29 proposed a new
gauge-invariant decomposition of nucleon spin. The basic idea is to decompose the
gluon field A into two parts, i.e. the physical component Aphys and the pure-gauge
oneApure. Under general gauge transformations U(x), the physical part is supposed
to transform covariantly,
Aphys(x) → A′(x) = U(x)Aphys(x)U †(x), (5)
while the pure-gauge part is required to transform inhomogeneously, i.e. as
Apure(x) → A′pure(x) = U(x)
(
Apure(x) +
i
g
∇
)
U †(x). (6)
We recall that, in the case of quantum electrodynamics (QED), their decomposi-
tion is nothing but the familiar transverse-longitudinal decomposition of the vector
potential A(x) given as
A(x) = A⊥(x) + A‖(x), (7)
with the conditions :
∇ ·A⊥(x) = 0, ∇×A‖(x) = 0. (8)
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As is well-known, this decomposition is unique owing to the famous Helmholz theo-
rem, once the Lorentz frame of reference is fixed.a In the case of quantum chromo-
dynamics (QCD), a similar decomposition is not so simple as the abelian case. To
uniquely specify the decomposition, Chen et al. impose an additional condition for
the physical component,
[Aphys,E] ≡ Aphys ·E − E ·Aphys = 0, (9)
where E is the color electric field. (An alternative and simpler condition for fix-
ing the physical component was proposed later by themselves33 and also by Zhou,
Huang and Huang71 as a non-Abelian generalization of the transversality condition
∇ ·Aphys = 0 for the Abelian vector potential. It is given by Dpure ·A = 0 with
Dpure ≡ ∇− i g [Apure, · ] being the pure-gauge covariant derivative for the adjoint
representation.) In any case, after imposing such an additional condition, which is
supposed to uniquely fix the decomposition of the gluon field A into Aphys and
Apure, Chen et al. proposed the following decomposition of the nucleon spin :
JQCD = S
′
q + L
′
q + S
′
G + L
′
G, (10)
where
S′q =
∫
ψ†
1
2
Σψ d3x, (11)
L′q =
∫
ψ† x×
(
1
i
∇ − gApure
)
ψ d3x, (12)
S′G =
∫
Ea ×Aaphys d3x, (13)
L′G =
∫
Eaj (x×Dpure)Aajphys d3x, (14)
with Dpure = ∇ − i gApure. A remarkable feature of this decomposition is that
each term is separately gauge-invariant, as can easily be verified from the above-
mentioned covariant and inhomogeneous gauge transformation properties of the
physical and pure-gauge components of the gluon. Also noteworthy is that it reduces
to the gauge-variant decomposition of Jaffe and Manohar in a particular gauge,
Apure = 0, and A = Aphys.
Soon after, however, Wakamatsu pointed out that the way of gauge-invariant
complete decomposition of nucleon spin is not necessarily unique, and proposed yet
another decomposition of the nucleon spin given by41
JQCD = Sq + Lq + SG + LG, (15)
aTo be more precise, the uniqueness of the decomposition is guaranteed by a supplemental condi-
tion that the gauge field A falls off faster than 1/r2 at the spatial infinity. This condition is not
necessarily satisfied in some singular gauges like the light-cone gauge.
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where
Sq =
∫
ψ†
1
2
Σψ d3x, (16)
Lq =
∫
ψ† x×
(
1
i
∇ − gA
)
ψ d3x, (17)
SG =
∫
Ea ×Aaphys d3x, (18)
LG =
∫
Eaj (x×Dpure)Aajphys d3x +
∫
ρa (x×Aaphys) d3x. (19)
The characteristic features of this decomposition are as follows. First, the quark
parts of this decomposition (both of spin and orbital parts) are just common with
the Ji decomposition. Second, the quark and gluon intrinsic spin parts are common
with the Chen decomposition. A crucial difference with the Chen decomposition
resides in the orbital parts. Namely, although the sums of the quark and gluon
OAMs in the two decompositions are the same, i.e.
Lq + LG = L
′
q + L
′
G, (20)
each term is different in such a way that
LG −L′G = − (Lq −L′q) =
∫
ρa (x×Aaphys) d3x ≡ Lpot. (21)
The difference arises from the treatment of the 2nd term of Eq.(19). He call this
term the potential angular momentum Lpot, because the QED correspondent of this
term is the orbital angular momentum (OAM) carried by the electromagnetic field
or potential.b Wakamatsu includes this term in the gluon OAM part, while Chen et
al. include it in the quark OAM part.
To understand the difference more clearly, let us first recall the fact that the
potential angular momentum term can also be expressed as∫
ρa(x×Aaphys) d3x = g
∫
ψ† x×Aphys ψ d3x. (22)
Note that this term is solely gauge-invariant, as can easily be convinced from the
covariant (or homogeneous) gauge transformation property of the physical part of
the gluon field Aphys. This means that the gauge principle alone cannot say in
which part of the decomposition, one should include the potential angular momen-
tum term. One certainly has a freedom to include it into the quark OAM part as
well, which would lead to the Chen decomposition. In fact, if one adds the potential
angular momentum to the quark OAM term of the Ji (or Wakamatsu) decompo-
sition, the physical part of A is exactly canceled out and the pure gauge part is
bThis is just the quantity appearing in the Feynman paradox raised in his famous textbook of
classical electrodynamics.83
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left, which just leads to the quark OAM term of the Chen decomposition in the
following manner :
Lq (Ji or Wakamatsu) + Lpot
=
∫
ψ† x×
(
1
i
∇ − gA
)
ψ d3x + g
∫
ψ† x×Aphys ψ d3x
=
∫
ψ† x×
(
1
i
∇ − gApure
)
ψ d3x = L′q (Chen). (23)
It seems true that the two complete decompositions of the nucleon spin, i.e. the
one due to Chen et al. and the other due to Wakamatsu, are both gauge-invariant.
However, a disadvantage of these decompositions is that they are given in nonco-
variant forms. This is not convenient, for example, if one tries to connect these
decompositions with high-energy DIS observables. Also from more general view-
point, the non-covariant treatment makes it hard to check out the Lorentz-frame
dependence or independence of the nucleon spin sum rule derived on the basis of
them. The “seemingly” covariant generalization of the gauge-invariant decomposi-
tion was given by Wakamatsu.42c The starting point of this proposal is the formally
covariant decomposition of the full gauge field Aµ into its physical and pure-gauge
parts, i.e. Aµ = Aµphys + A
µ
pure. He showed that the gauge-invariant decomposition
of the QCD angular momentum tensor can be obtained with use of the following
three conditions only. The first is the pure-gauge condition for Aµpure,
Fµνpure ≡ ∂µAνpure − ∂ν Aµpure − i g [Aµpure, Aνpure] = 0, (24)
while the second and the third are the gauge transformation properties for these
two components :
Aµphys(x) → U(x)Aµphys(x)U−1(x), (25)
Aµpure(x) → U(x)
(
Aµpure(x) −
i
g
∂µ
)
U−1(x). (26)
As a matter of course, these conditions are not enough to fix the decomposition
uniquely. This is not unrelated to the fact that there are many gauge choices, which
nevertheless leads to the same answer for gauge-invariant observables.d The point
of his argument was therefore that one can postpone a concrete specification of the
decomposition until later stage, while accomplishing a gauge-invariant decomposi-
tion of the QCD angular momentum tensor Mµνλ based on the above conditions
only. As anticipated, he found the existence of two different gauge-invariant decom-
positions, which he calls the decomposition (I) and the decomposition (II). Let us
cThe word “seemingly” here means that the decomposition Aµ = Aµ
phys
+Aµpure, although being
covariantly-looking, is intrisically noncovariant, since it is essentially a transverse-longitudinal
decomposition, while what is transverse depends on the choice of Lorentz-frame of reference.
dRemember that a gauge-fixing procedure amounts to a process of eliminating unphysical gauge
degrees of freedom, thereby selecting out physical degrees of freedom of the gauge field.
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start with the decomposition (II). The decomposition (II) is a “seemingly” covariant
generalization of the Chen decomposition represented as
MµνλQCD = M
′µνλ
q−spin + M
′µνλ
q−OAM + M
′µνλ
G−spin + M
′µνλ
G−OAM
+ boost + total divergence, (27)
with
M ′µνλq−spin =
1
2
ǫµνλσ ψ¯ γσ γ5 ψ, (28)
M ′µνλq−OAM = ψ¯ γ
µ (xν iDλpure − xλ iDνpure )ψ, (29)
M ′µνλG−spin = 2Tr {FµλAνphys − Fµν Aλphys }, (30)
M ′µνλG−OAM = 2Tr {Fµα (xν Dλpure − xλDνpure )Aphysα }. (31)
As one sees, the quark and gluon OAMs appearing in this decomposition are the
canonical OAMs aside from the unphysical gauge degrees of freedom. By this reason,
it is sometimes called the “canonical” decomposition of the nucleon spin.
On the other hand, the decomposition (I) is a “seemingly” covariant generaliza-
tion of another noncovariant decomposition due to Wakamatsu.41 It is given as
Mµνλ = Mµνλq−spin + M
µνλ
q−OAM + M
µνλ
G−spin + M
µνλ
G−OAM
+ boost + total divergence, (32)
with
Mµνλq−spin = M
′µνλ
q−spin, (33)
Mµνλq−OAM = ψ¯ γ
µ (xν iDλ − xλ iDν )ψ, (34)
MµνλG−spin = M
′µνλ
G−spin, (35)
MµνλG−OAM = M
′µνλ
G−OAM + 2Tr [ (Dα F
αµ ) (xν Aλphys − xλAνphys ) ]. (36)
The quark and gluon OAMs appearing in this decomposition is the mechanical
OAMs, so that it is reasonable to call it the “mechanical” decomposition of the
nucleon spin.
One of the greatest advantages of the “seemingly” covariant generalization is
that it generalizes and unifies the various nucleon spin decomposition in the mar-
ket. For example, it was emphasized that the canonical decomposition (II) reduces
to any ones of Bashinsky-Jaffe,25 of Chen et al.,28,29 and of Jaffe-Manohar,21 after
an appropriate gauge-fixing in a suitable Lorentz frame, which appears to indicate
that they are essentially the same decompositions.e Another advantage of the co-
variant formulation of the nucleon spin decomposition is that, it becomes easier
to establish explicit relations with high-energy DIS observables. In fact, as pointed
eThis statement would not be correct in the most general context, but it is most probably correct
when applied to the most important longitudinal nucleon spin decomposition, as we shall discuss
throughout this paper.
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out in Ref. 42, the Bashinsky-Jaffe decomposition obtained based on the light-cone
gauge is a special case of this general treatment. In Ref. 42, this fact was utilized
to show that the quark and gluon intrinsic spin parts of the above covariant de-
composition precisely coincides with the first moments of the polarized distribution
functions appearing in the polarized DIS cross-sections.
∆q =
∫
∆q(x) dx, ∆g =
∫
∆g(x) dx. (37)
Furthermore, based on the mechanical decomposition (I), it can be shown that the
following important relations hold42 :
Lq = 〈p ↑ |M012q−OAM | p ↑〉 / 〈p ↑ | p ↑〉
=
1
2
∫
x [Hq(x, 0, 0) + Eq(x, 0, 0) ] dx − 1
2
∫
∆q(x) dx, (38)
with
M012q−OAM = ψ¯
(
x× 1
i
D
)3
ψ, (39)
and also
LG = 〈p ↑ |M012G−OAM | p ↑〉 / 〈p ↑ | p ↑〉
=
1
2
∫
x [HG(x, 0, 0) + EG(x, 0, 0) ] dx −
∫
∆g(x) dx, (40)
with
M012G−OAM = 2Tr [E
j (x×Dpure)3Aphysj ] + 2Tr [ ρ (x×Aphys)3 ]. (41)
The relation (38) with (39) means that the quantity defined as the difference be-
tween the second moments of unpolarized GPDs H + E and the first moment of
polarized quark distribution just coincides with the proton matrix element of the
quark OAM operator containing full gauge covariant derivative.22 This just con-
firms Ji’s observation that the quark OAM extracted from the combined analysis of
GPDs and polarized PDFs is the mechanical OAM not the canonical OAM ! The
equality (40) with (41) provides us with new information. It tells that the gluon
OAM extracted from the combined analysis of GPD and polarized PDF contains
the potential OAM, in addition to the gluon canonical OAM. We have pointed out
before that the sum of the gluon intrinsic spin and the gluon OAM in the Jaffe-
Manohar decomposition does not coincide with the gluon total angular momentum
in the Ji decomposition. (See Eq.(4).) The reason of this observation is self-evident
now. It is just the potential angular momentum that compensates this discrepancy
in such a way that
∆G + L′G = JG − Lpot. (42)
July 20, 2018 7:45 WSPC/INSTRUCTION FILE Review˙NSpin
10 Authors’ Names
3. On the Gauge-Invariant-Extension Approach
In the previous section, it was pointed out that the three conditions (24), (25)
and (26) are not sufficient to uniquely fix the “seemingly” covariant decomposition
of the gauge field, Aµ(x) = Aµphys(x) + A
µ
pure(x). This is only natural, because
any physical condition necessary for fixing the physical component of Aµ has not
been imposed at this stage. Nevertheless, the viewpoint advocated in42 is that,
since each term of the decomposition (I) and (II) are clearly gauge-invariant, one
can make any desired gauge choice at the later stage as the needs arise. However,
quite a different view has rapidly spread out around the community.?, 52–55, 74, 75, 82
According to this viewpoint, the Chen decomposition is a gauge-invariant-extension
(GIE) of the Jaffe-Manohar decomposition based on the Coulomb gauge, while the
Bashinsky-Jaffe decomposition (or the Hatta decomposition) is another GIE of the
Jaffe-Manohar decomposition based on the light-cone gauge. The claim is that,
since they are different GIEs, there is no reason that they give the same physical
predictions.
Jaffe-Manohar
decomposition
Chen
decomposition
Bashinsky-Jaffe
decomposition
GIE (1) ?
GIE (2) ?
Fig. 2. A schematic picture of the idea of gauge-invariant extension.
However, the strangeness of the idea of GIE seems already clear from the follow-
ing simple consideration of conceptual nature. Suppose that the Chen decomposition
and the Bashinsky-Jaffe decomposition (or the Hatta decomposition) are two physi-
cally inequivalent GIEs of the Jaffe-Manohar decomposition. (See Fig.2.) Then, one
would immediately encounter the following conceptual questions.
• What are the physical meaning of extended gauge symmetries ?
• Are there plural color gauge symmetries in nature ?
Since QCD is a theory with color gauge-invariance from the start, it is obvious that
there is no need of introducing the idea like GIE. In fact, at least in the simpler
case of QED, it was explicitly shown in Ref. 45 that the Chen decomposition is
never a GIE. It simply utilizes the gauge degrees of freedom which are present from
the start in the original theoretical expression of the total angular momentum of a
coupled system of the photon and the charged particles.
In the history of the nucleon spin decomposition problem, the word gGIEh was
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first introduced by Hoodbhoy and Ji in Ref. 84. It was used to explain that the
“should-be” observable gluon spin ∆G can be thought of as agGIEh of the Jaffe-
Manohar gluon spin, which is not manifestly gauge-invariant. The idea was revised
in more recent paper by Ji, Xu, and Zhao.73 A similar idea of GIE has been pursued
further by Lorce´ based on the geometrical formulation of gauge theories.?, 51–55
According to Lorce´, due to the existence of hidden symmetry called the Stu¨ckelberg
symmetry, there are in principle infinitely many decompositions of the nucleon spin.
Before explaining his idea in more detail, we point out that the word
“Stu¨ckelberg symmetry” is a little disturbing. The original motivation of
Stu¨ckelberg’s idea was to show that some non-gauge theory can be made a gauge
theory by using the so-called Stu¨ckelberg trick.85–87 The simplest example is pro-
vided by the theory of massive neutral vector boson, the lagrangian of which is
given by
L = − 1
4
(∂µAν − ∂ν Aµ)2 − 1
2
m2A2µ. (43)
The mass term in this lagrangian obviously breaks the invariance under the gauge
transformation,
Aµ(x) → Aµ(x) + ∂µΛ(x). (44)
The “Stu¨ckelberg trickh begins with introducing an auxiliary scalar field φ(x) called
the “compensator” by hand,
L → L′ = − 1
4
(∂µAν − ∂ν Aµ)2 − 1
2
m2 (Aµ − ∂µφ)2. (45)
If φ(x) transforms as follows under the gauge transformation,
φ(x) → φ(x) + Λ(x), (46)
then, the new lagrangianL′ is clearly gauge-invariant ! In this theoretical framework,
the original lagrangian L is thought to be a gauge-fixed form (φ = 0) of the new
gauge-invariant lagrangian L′. It is clear that this trick enables us to make wide
class of nongauge theories into theories with gauge degrees of freedom, so that it
makes the distinction between true gauge theories and the artificially constructed
gauge theories obscure.
Now let us come back to Lorce´’s argument. For clarity, we discuss for a while
simpler case of abelian gauge theory. According to him, starting from some de-
composition of the gauge field Aµ(x) = Aµphys(x) + A
µ
pure(x), one can get another
perfectly acceptable decomposition Aµ(x) = A¯µphys(x) + A¯
µ
pure(x), where
A¯µphys(x) = A
µ
phys(x) − ∂µC(x), (47)
A¯µpure(x) = A
µ
pure(x) + ∂
µC(x), (48)
with C(x) being an arbitrary function of space and time. This then means that
there are infinitely many decompositions of the gauge field into the physical and
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pure-gauge components. It is certainly true that this transformation preserves the
pure-gauge-condition of the pure-gauge component. i.e.
F¯µν(x) = ∂µA¯νpure(x) − ∂ν A¯µpure(x) = 0, (49)
and also its transformation property
A¯µpure(x) → A¯µpure(x) + ∂µΛ(x), (50)
under general gauge transformation Aµ(x) → Aµ(x) + ∂µ Λ(x). However, as em-
phasized in Refs. 45 and 46, this argument does not pay enough attention to the
fact why Aphysµ (x) is named the physical component. As repeatedly emphasized,
in the QED case with the noncovariant treatment, the decomposition by Chen et
al. is nothing but the standard decomposition of the vector potential A into the
transverse and longitudinal components as
A(x) = A⊥(x) + A‖(x), (51)
where the two components are respectively required to satisfy the divergence-free
and irrotational conditions :
∇ ·A⊥ = 0, ∇×A‖ = 0. (52)
It is easy to verify that these two components transform as
A⊥(x) → A′⊥(x) = A⊥(x), (53)
A‖(x) → A′‖(x) = A‖(x) − ∇Λ(x), (54)
under general gauge transformations. This show that, while A‖ is a totally arbitrary
quantity that can be changed freely by gauge transformation, A⊥ is essentially a
unique object with definite physical entity. In fact, within the above noncovariant
framework, the Stu¨ckelberg transformation a la Lorce´ reduces to52, 53
A⊥(x) → A¯⊥(x) = A⊥(x) + ∇C(x), (55)
A‖(x) → A¯‖(x) = A‖(x) − ∇C(x). (56)
One can see that the transformed longitudinal component A¯‖(x) retains the irro-
tational property,
∇× A¯‖ = ∇× (A‖ − ∇C(x)) = ∇×A‖ = 0. (57)
(This is simply a reflection of the fact that the standard gauge transformation
for A‖ keeps the magnetic field B = ∇ × A intact.) In contrast, one finds that
the transformed component A¯⊥ does not satisfy the desired divergence-free (or
transversality) condition ∇ · A¯⊥ = 0 any more, since
∇ · A¯⊥(x) = ∇ · (A⊥(x) + ∇C(x)) = ∆C(x) 6= 0, (58)
unless ∆C(x) = 0. The condition ∆C(x) = 0 means that C(x) is a harmonic func-
tion in three spatial dimension. If it is required to vanish at the spatial infinity,
it must be identically zero, i.e. C(x) ≡ 0. This means that the invariance under
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the Stu¨ckelberg transformation actually does not exist, provided that an appropri-
ate physical condition, i.e. the transversality condition, is imposed on the physical
component of the vector potential A. To be more strict, there are some matters
to be attended. The boundary condition lim|x|→∞ C(x) = 0 may not be always
satisfied in some singular gauges like the light-cone gauge. More importantly, the
notion of transversality depends on the Lorentz frame of reference. Namely, a vector
field that appears transverse may not necessarily be transverse in another Lorentz
frame. This indicates that, if the Stu¨ckelberg symmetry as proposed by Lorce´ does
exist, one of its origin would be the Lorentz-frame dependence of the decomposition
Aµ(x) = Aµphys(x) +A
µ
pure(x).
In a recent paper,55 Lorce´ argued about another possible origins of the
Stu¨ckelberg symmetry. One is the path-dependence of the decomposition Aµ(x) =
Aµphys(x) + A
µ
pure(x), which arises within the formulation using the gauge link or
the Wilson line. (In a recent paper, Tiwari discussed the role of topology in the
path-dependence.38) The other is the background dependence of the decomposi-
tion, which arises in the formulation based on the background field method of
gauge theories. In the following, we discuss only the former, because it is more
closely connected with actual physical situations which we encounter in the studies
of high-energy DIS observables. By making use of a path-dependent Wilson line
WC(x, x0) = P
[
e
i g
∫
x
x0
Aµ(s) ds
µ
]
with x0 being an appropriate reference point, it
is possible to give an explicit form of the decomposition
Aµ(x) = Aµphys(x) + A
µ
pure(x), (59)
where
Aµphys(x) = −
∫ x
x0
WC(x, s) Fαβ(s) WC(s, x) ∂s
α
∂xµ
dsβ , (60)
Aµpure(x) =
i
g
W(x, x0) ∂
∂xµ
WC(x0, x). (61)
Changing the path C alters both of Aphysµ (x) and A
pure
µ (x), but the sum of them is
intact. According to Lorce´, the freedom in the choice of the path is therefore an ori-
gin of the Stu¨ckelberg symmetry. Accordingly, Stu¨ckelberg-invariant quantities must
be path-independent, whereas path-dependent quantities are called Stu¨ckelberg
non-invariant. Based on these considerations, Lorce´ comes to conclude that one
should distinguish the two forms of gauge-invariance :
• Strong gauge-invariance : Quantities with this invariance are invariant under
Stu¨ckelberg transformation as well as under the usual gauge transformation. They
are local quantities and can be measured without relying upon any expansion
framework like the twist-expansion in perturbative QCD.
• Weak gauge-invariance : Quantities with this invariance are invariant under the
usual gauge transformation, but it is not Stu¨ckelberg invariant. They are gener-
ally nonlocal. They correspond to “quasi-observables”, which can be measured
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only within an certain expansion framework. Putting it in another way, they are
theoretical-scheme dependent (quasi-)observables.
All these statements might be correct in the most general context. Still, what
is lacking in this general argument with highly mathematical nature is the insight
into the physical meaning of the decomposition Aµ(x) = A
phys
µ (x) + A
pure
µ (x). We
know that, among the four components of the gauge field Aµ(x) (µ = 0, 1, 2, 3),
independent dynamical degrees of freedom are only two.88 They are two trans-
verse components, say A1 and A2. (The other two components, i.e. the so-called
scalar component A0 and longitudinal component A3, are not independent dynam-
ical degrees of freedom.) Undoubtedly, what should be identified with the physical
components of Aµ(x) are these two transverse components. Unfortunately, as re-
peatedly emphasized, a delicacy here is the fact that the notion of transversality
depends on the Lorentz frame. The standard transverse-longitudinal decomposition
A(x) = A⊥(x) + A‖(x) in the noncovariant framework has a meaning only after
specifying a working Lorentz-frame of reference. Nevertheless, it is important to
recognize the fact that one has a freedom to start this noncovariant decomposition
in an arbitrarily chosen Lorentz frame. The question is therefore whether a quantity
we are discussing is a Lorentz-frame-dependent quantity or not. If the quantity of
question is a Lorentz-frame-independent one, there is no reason to suspect that the
noncovariant treatment as proposed by Chen et al. would give a wrong answer.
Returning to our nucleon spin decomposition problem, a possible candidate of
Lorentz-invariant spin observable is helicity.f This suggests that the nucleon he-
licity sum rule or the longitudinal nucleon spin decomposition can be made so as
to meet both the requirements of gauge-invariance and Lorentz-invariance. How-
ever, this conversely indicates that one cannot expect the same for more general
nucleon spin decomposition like the decomposition of the transverse nucleon spin.
At any rate, when discussing the possibility of gauge-invariant decomposition of the
nucleon spin, one should pay more attention to the significant difference between
the above two cases. Undoubtedly, what makes our problem difficult is an intricate
interplay between the gauge- and Lorentz-frame dependencies of the nucleon spin
decomposition.
Before ending this section, we think it useful to explain the reason why a lot
of researchers believe that the Chen decomposition28, 29 and the Bashinsky-Jaffe
decomposition25 (or Hatta decomposition56) are physically inequivalent GIEs of
the Jaffe-Manohar decomposition.21 The reason can be traced back to Chen et al.’s
calculations for the evolution matrix of the quark and gluon longitudinal momentum
fraction29 and also for quark and gluon longitudinal spin based on their noncovariant
decomposition.34 For example, their prediction for the asymptotic value of the gluon
fThe helicity is exactly Lorentz-invariant only for a massless particle, but its invariance holds
also for a massive particle like the nucleon for a wide-class of Lorentz transformations, which are
relevant for our later discussion.
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momentum fraction in the nucleon
lim
Q2→∞
〈x〉G = 8
8 + 6nf
∼ 1
5
, (62)
is drastically different from the standardly-believed value :
lim
Q2→∞
〈x〉G = 16
16 + 3nf
∼ 1
2
, (63)
which can properly be reproduced in the light-cone gauge calculation. It was conjec-
tured in Ref. 45 and 46 that the calculation of the evolution matrices in the Coulomb
gauge (or in the Chen decomposition) is highly nontrivial, and that Chen et alfs
calculation is probably wrong. This conjecture was, in a sense, explicitly confirmed
by the recent study by Ji, Zhang, and Zhao.76 For simplicity, we explain the point
in simpler Abelian case (QED). They start with the definition of gauge-invariant
photon spin a la Chen et al.
Sγ = E ×A⊥, (64)
where A⊥ is the physical or transverse component of the photon field given as
Ai⊥ =
(
δij − ∇i∇j∇2
)
Aj . (65)
Now, consider a boost along the negative 3-axis with infinite velocity. In this IMF
limit, they found that Sγ takes the following form :
Sγ = E ×A⊥ → E ×
(
A − 1∇+ ∇A
+
)
. (66)
Here, the quantity
Aphys = A − 1∇+ ∇A
+ (67)
is basically the physical component of the photon in the light-cone gauge.g A deli-
cacy here is that the IMF limit and the loop-integrals necessary for the calculation
of the evolution matrix are noncommutable. They argue that, if one properly takes
care of this noncommutativity, the Chen decomposition gives exactly the same an-
swer as that in the light-cone gauge. This is nice, but there still remains a delicate
question. In their whole analysis, they must eventually take the IMF limit. In this
sense, the IMF limit (and the light-cone gauge) still play uninterchangeable role
! On the other hand, however, one usually believes that the longitudinal gluon
spin, or more generally the longitudinal gluon spin distribution in the nucleon, is
a Lorentz-frame-independent quantity, even though its physical interpretation be-
comes simplest in the IMF. Is ∆G not only gauge-invariant but also Lorentz-frame
independent observable ? It appears that their analysis has not given a completely
satisfactory answer to this question.
gIt is important to recognize that this Aphys is nonlocal, but it is nevertheless path-independent.
These two types of nonlocality should be clearly distinguished. See the disussion in Ref. 46, for
more detail.
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4. Recent Controversies on Transverse Nucleon Spin
Decomposition
By historical as well as practical reason, our main interest so far has been devoted
to the problem of longitudinal nucleon spin sum rule. Naturally, one expects to
get useful complimentary information from studies of transverse spin sum rule,
which has in fact been a object of intense debate in a few years. The importance
of comparing the transverse and longitudinal nucleon spin decomposition in the
study of relativistic nucleon spin observables was first emphasized in the paper by
Bakker, Leader and Trueman (BLT).27 They proposed a transverse spin sum rule
which contains the contribution from the quark transversity distributions. However,
as criticized by Ji, Xiong, and Yuan,75 since the quark transversity is a chiral-odd
object, the proposed sum rule appears in direct contradiction with the chiral-even
property of the nucleon spin and orbital angular momentum. Later, Leader proposed
another transverse spin sum rule48 based on the manipulation in the BLT paper.27
In the case of a transversely polarized nucleon, moving along the positive z axis, he
obtains the sum rule :
J⊥q =
1
2M
[
P0
∫ 1
−1
xEq(x, 0, 0) dx + M
∫ 1
−1
xHq(x, 0, 0) dx
]
, (68)
where P0 is the energy of the nucleon. Undoubtedly, this is a Lorentz-frame-
dependent sum rule. The reason is simple. This sum rule is obtained by taking
a nucleon matrix element of the angular momentum operator Jxq , which is not in-
variant under the Lorentz-boost in the z direction, i.e. in the direction along which
the nucleon is moving.
With the intension of obtaining a boost-invariant transverse spin sum rule for
a moving nucleon (along the z direction), Ji, Xiong, and Yuan attempted to con-
struct the transverse spin sum rule based on the Lorentz-covariant Pauli-Lubanski
vector.75, 89 Their sum rule is given as
J⊥q =
1
2
[∫ 1
−1
xEq(x, 0, 0) dx +
∫ 1
−1
xHq(x, 0, 0) dx
]
, (69)
which just takes the same form as the corresponding longitudinal nucleon spin sum
rule (the well-known Ji sum rule22) given as
J‖q =
1
2
[∫ 1
−1
xEq(x, 0, 0) dx +
∫ 1
−1
xHq(x, 0, 0) dx
]
, (70)
and it appears to be Lorentz-frame-independent. However, a flaw of their deriva-
tion was pointed out by several authors.49, 50, 59, 80, 81 Their derivation is based on
the parametrization of the nucleon matrix element of the quark and gluon energy
momentum tensor :
〈P ′S |T µνi (0) |PS〉 = U¯(P ′)
[
Ai(∆
2) γ{µ P¯ ν} + Bi(∆2)
P¯ {µ i σν}∆α
2M
+ Ci(∆
2)
∆µ∆ν − gµν ∆2
M
+ C¯i(∆
2)M gµν
]
U(P ), (71)
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where P¯ = (P ′ + P ) / 2,∆ = P ′ − P , and Ai, Bi, Ci and C′i are generalized form
factors, with i denoting either of quark or gluon. In deriving the above sum rule, they
erroneously dropped the possible contributions from the C¯i terms. Later, several
authors rederived the transverse nucleon spin sum rule, by careful account of the
C¯i terms.
50, 59, 81 However, a worry is that their answers turned out to be totally
diverging. For instance, Leader arrived at the answer50
J⊥q/G =
1
2
(
Aq/G(0) +Bq/G(0)
)
+
P 0 −M
2P 0
C¯q/G(0), (72)
with the relation
Aq/G(0) =
∫ 1
−1
xHq/G(x, 0, 0) dx,
Bq/G(0) =
∫ 1
−1
xEq/G(x, 0, 0) dx.
On the other hand, Hatta, Yoshida, and Tanaka (HYT) gave59
J⊥q/G =
1
2
(
Aq/G(0) +Bq/G(0)
)
+
P 3
2 (P 0 +M)
C¯q/G(0). (73)
Finally, based on the framework of light-front quantization scheme, Harrindranath,
Kundu, and Mukerjee (HKM) arrived at the following answer,81
J⊥q/G =
1
2
(
Aq/G(0) +Bq/G(0) + C¯q/G(0)
)
. (74)
Several comments are in order here. Because of the relation,
C¯q(0) + C¯G(0) = 0, (75)
all these three results are consistent with the net transverse nucleon spin sum rule :
J⊥q + J
⊥
G =
1
2
[Aq(0) + Bq(0) + AG(0) + BG(0) ] =
1
2
. (76)
One also observes that all these three expressions coincide in the infinite-momentum-
frame (IMF) limit P 2 → ∞, P 0 → ∞. Note, however, that the first two sum rules
are generally dependent on the nucleon momentum or energy, so that they are
obviously Lorentz-frame-dependent.
Table 1. The various choices of angular momentum tensor
and nucleon spinors for obtaining transverse spin sum rule.
Jαβ |PSx〉
Leader
∫
d3xM0αβ Dirac spinors
HTY
∫
dx− d2x⊥M+αβ Dirac spinors
HKM
∫
dx− d2x⊥M+αβ Light-front spinors
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How can we understand these differences ? The reason is that they all calcu-
lated the nucleon matrix element of the Pauli-Lubanski vector W x between the
transversely polarized nucleon state in the x direction :
〈PSx |W x |PSx〉 with Wµ = − 1
2
ǫµαβρ J
αβ P ρ, (77)
but with different angular momentum tensor Jαβ and different nucleon spinors. As
summarized in Table 1, Leader uses the angular momentum tensor M0αβ in the
equal-time (ET) formalism together with Dirac spinors. Hatta et al. (HTY) use
the angular momentum tensor in the light-front (LF) formalism M+αβ together
with Dirac Spinors. On the other hand, Harindranath et al. (HKM) use the angular
momentum tensor in the LF formalism together with the light-front spinors. HKM
emphasize that their result based on the LF (light-front) formalism is absolutely
Lorentz-frame-independent, but this statement is misleading. It is known that the
use of the LF spinors in the LF formalism is equivalent to working in the IMF. In
the IMF, however, the dependence on the nucleon longitudinal momentum P 3 is
naturally washed out. What HKM have shown is actually the P⊥-independence of
their sum rule.81
In any case, one now convinces that the transverse spin sum rule is generally
Lorentz-frame-dependent due to the existence of the term C¯(0). It is very important
to recognize the fact that the existence of plural forms of transverse spin decom-
position has nothing to do with our gauge problem, because both of Jq and JG are
obviously gauge-invariant. Rather, one can say that the origin of existence of plural
forms of transverse spin sum rule is the relativity !
In fact, as nicely reviewed in Ref.90, the treatment of spin in relativistic quantum
mechanics is far more complicated than in nonrelativistic quantum mechanics. The
relevant complication is known to arise from the fact that the sequences of rotation-
less Lorentz boosts can generate rotations as dictated by the following commutation
relation :
[Ki,Kj ] = − i ǫijk Jk, (78)
whereKi (i = 1, 2, 3) are the rotationless boost generators and Ji (i = 1, 2, 3) are the
spatial rotation generators. For a particle with nonzero mass, it is most convenient
to define its spin states in its rest frameh. However, the relativistic spin states (or
observables) generally depend both on the frame where the spin is defined and on
a set of Lorentz transformations which relates the frame where the spin is defined
and a frame where a particle has a definite momentum p. This in principle induces
an infinite numbers of possible choices of spin observables in relativistic quantum
mechanics.
Despite the above general statement, it is very important to recognize a remark-
able difference between the transverse spin decomposition and the longitudinal one.
hThe treatment of massless particles requires another care, since there is no rest frame for a
massless particle.
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In fact, one can easily verify that any of the above-mentioned three choices for Jαβ
and the nucleon spinors leads to exactly the same sum rule for the longitudinal
nucleon spin,
J
‖
q/G =
1
2
(
Aq/G(0) + Bq/G(0)
)
(79)
which is nothing but the celebrated Ji sum rule. Important lessons learned from
these observations are as follows. First, since the Lorentz-frame-independent de-
composition of the transverse nucleon spin into the quark and gluon total angular
momenta seems to be impossible, we naturally have no chance to get further frame-
independent decomposition of the quark and gluon transverse angular momenta
into their intrinsic spin and orbital part. In contrast, we still have a possibility to
get a gauge- and frame-independent decomposition of the longitudinal Jq and JG
into their intrinsic spin and orbital parts. This is true even for the massless gluon,
for which there is no rest frame. In Sect.5, we shall demonstrate how it is possible
for easier QED case, i.e. for massless photons.
5. Does the “Canonical Orbital Angular Momentum” Satisfy the
SU(2) Commutation Relation ?
Quite a lot of people believe that a greatest advantage of the canonical type de-
composition of the nucleon spin is that each term satisfies the angular momentum
commutation relation, and that this is of vital importance for natural interpreta-
tion of each term as an angular momentum. One can convince below that this is not
necessarily true even in the simpler case of Abelian gauge theory. (Here we closely
follow the argument given in Ref. 91 and 92. See also the standard textbooks93–95
for general discussion.) The fact is that the observability of the photon spin and
OAM has little to do with their SU(2) commutation relations.
Let us start with the textbook expression for the total photon angular momen-
tum,
J =
∫
r × (E ×B) d3r. (80)
There is no doubt that this expression is manifestly gauge-invariant. As is well-
known, after an appropriate choice of the Lorentz-frame, the vector potential A of
the photon can be gauge-invariantly decomposed into the transverse and longitudi-
nal parts as
A(x) = A⊥(x) + A‖(x) ≡ Aphys(x) + Apure(x). (81)
This gives the corresponding transverse-longitudinal decomposition of the electric
field,
E = E⊥ + E‖, (82)
with
E⊥ = − ∂A⊥
∂t
, E‖ = −∇A0 −
∂A‖
∂t
. (83)
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Correspondingly, the total photon angular momentum can be decomposed into two
parts as
J =
∫
r × (E‖ ×B) d3r +
∫
r × (E⊥ ×B) d3r (84)
≡ J long + J trans. (85)
By using the Gauss law ∇ ·E‖ = ρ, it is easy to show that the longitudinal part
J long, which contains the E‖ component, can be rewritten in the form :
J long =
∫
ρ (r ×A⊥) d3r ≡ Lpot, (86)
which is nothing but the “potential angular momentum” in the terminology of
Ref. 41. On the other hand, the transverse part J⊥ can further be decomposed into
two parts as,
J trans =
∫
El⊥ (r ×∇)Al⊥ d3r +
∫
E⊥ ×A⊥ d3r = L + S. (87)
which can be identified with the “canonical” OAM and the intrinsic spin of the
photon. We emphasize that this decomposition is gauge-invariant, because A⊥ is
gauge-invariant (E⊥ is naturally gauge-invariant). We also recall the fact that the
sum of the potential angular momentum J long = Lpot and the “canonical” OAM
Lγcan ≡
∫
d3r E⊥l (r×∇)A⊥l can be identified with the “mechanical” OAM Lγmech of
the photon. Note, however, that, Lpot = 0 for free photons (since ρ = 0), so that in
this case, there is no difference between the “mechanical” and “canonical” OAMs.
This is the situation which we shall consider below, since very weak interactions
between photons and charged particles is allowed to be introduced only at the final
stage as as a perturbation.
To proceed, we first introduce transverse mode functions with polarization λ as
solutions of Helmholtz equation (it is nothing but the Maxwell equation for a free
photon) with the transversality condition :
∇2 F λ = − k2F λ, ∇ · F λ = 0. (88)
They are supposed to satisfy the following orthnormalization condition :
〈F λ |F λ′〉 ≡
∫
F λ · F λ′ d3r = δλλ′ . (89)
The simplest choice for the transverse mode functions would be the circularly po-
larized plane waves :
F λ =
1√
V
εk,s e
ik·r (s = ± 1), (90)
but we can also take other choices like that of the para-axial laser beams used in
the measurements of the photon orbital angular momentum.96–98 With these mode
functions, the electromagnetic field or vector potential can be expanded as
A⊥ =
∑
λ
√
~
2ωλ
[
aλ F λ + a
†
λ F
∗
λ
]
, (91)
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where aλ and a
†
λ are the annihilation and creation operator of the photon with the
polarization λ, satisfying the standard commutation relation :
[aλ, a
†
λ′ ] = δλλ′ . (92)
The corresponding mode-expansions for the electric and magnetic fields are then
given by
E⊥ =
∑
λ
i
√
~ωλ
2
[
aλ F λ − a†λ F ∗λ
]
, (93)
B⊥ =
∑
λ
i
√
~
2ωλ
[
aλ∇× F λ + a†λ∇× F ∗λ
]
. (94)
Using these formulas, we are led to the second-quantized forms of the intrinsic spin
and “canonical” OAM of the photon as
S ≡
∫
E⊥ ×A⊥ d3r = 1
2
∑
λ,λ′
[a†λ aλ′ + aλ′ a
†
λ] 〈F λ | Sˆ |F λ′〉, (95)
L ≡
∫
El⊥ (r ×∇)Al⊥ d3r =
1
2
∑
λ,λ′
[a†λ aλ′ + aλ′ a
†
λ] 〈F λ | Lˆ |F λ′〉, (96)
with the definitions of the operators Sˆ and Lˆ :
(Sˆ)ij = − i ~ εijk, Lˆ = − i ~ (r ×∇) (97)
These operators Lˆ and Sˆ certainly satisfy the familiar SU(2) algebra :
[ Sˆi, Sˆj ] = i ~ Sˆk, [ Lˆi, Lˆj ] = i ~ Lˆk. (98)
However, the crucial point here is that what correspond to observables are not Sˆ
and Lˆ but S and L, because the latter are operators acting on physical Fock space.
What are the commutation relations of S and L like, then ? To find them, choose
circularly polarized plane waves again as field modes,
F λ =
1√
V
εk,s e
ik·r (s = ± 1). (99)
In this case, S is represented as
S =
∑
k
~k
k
( a†k,1 ak,1 − a†k,−1 ak,−1 ). (100)
Note that S is given as a superposition of the number operators of photons with
definite polarizations, so that any components of S must commute :
[Si, Sj] = 0. (101)
Somewhat unexpectedly, we therefore find that S does not satisfy standard angular
momentum commutation relation. This means that S does not generate general
rotations of photon polarization states. Instead, it generates a transformation of
the polarization vector such that the transversality of the polarization vector is
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preserved. To be more concrete, under a rotation by angle θ about the direction of
the photon momentum k, the photon state with helicity λ transforms as99
|k ; λ〉 → exp
[
− i θ S · k|k|
]
|k ; λ〉 = e− i θ λ |k ; λ〉. (102)
This shows that only the components of the operator S along k. i.e. the (the prop-
agation direction of the photon) is a true spin angular momentum operator in the
sense that this component certainly generate spin rotation. The components of the
operator S along k is nothing but the helicity of the photon.
What about the commutation relation of L, then ? First, notice that the total
photon angular momentum must satisfy the standard commutation relation,
[Ji, Jj] = i ~ εijk Jk. (103)
Second, S and L must transform as vectors under spatial rotation, so that
[Ji, Sj ] = i ~ εijk Sk (104)
[Ji, Lj] = i ~ εijk Lk. (105)
Combining these relations with the commutation relation [Si, Sj ] = 0 for S, it
follows that
[Li, Lj] = i ~ εijk (Lk − Sk) (106)
[Li, Sj] = i ~ εijk Sk (107)
Thus, one clearly sees that L does not satisfy the standard angular momentum
algebra either, even though it is the very quantity, which can be measured, for
instance, as OAM of para-axial laser beam.96–98 We therefore confirm that, for
massless particles like photons (and naturally also for gluons), there is no connection
between the observability and the requirement of the SU(2) commutation relation of
each piece of spin and orbital angular momentum decomposition. All these delicacies
of photon (or gluon) spin decomposition comes from the fact that there is no rest
frame for massless particles! In a mathematical language, as emphasized by Zhang
and Pak,66 the only frame-independent notion of spin for a massless particle is the
helicity, which can be described by a little group E(2) of the Lorentz group.
Here we do not go further into the detail. But, by introducing the interaction
of the photon beam with atoms, the following conclusion can be drawn. (Interested
readers are recommended to consult with the original papers.91, 92) Both gspinhS
and gorbitalh angular momentum L of a photon are well defined quantities and
might in principle separately be measured. However, in practice, only the compo-
nents along the propagation direction can be measured by detecting the change
in internal and external angular momentum of atoms. This indicates that, also in
the problem of complete decomposition of the nucleon spin, only the longitudinal
spin decomposition or the helicity sum rule (not the transverse spin decomposition)
would be related to direct observables.
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6. What is “Potential Angular Momentum” ?
We have already pointed out that the difference between the two decompositions of
the nucleon spin is characterized by the two physically inequivalent orbital angular
momenta, i.e. the generalized “canonical” OAM and the “mechanical” OAM. Be-
cause the difference of these two OAMs is characterized by the “potential angular
momentum” term,41 a clear understanding of it is very important for answering the
following question, i.e. “Which of the above two OAMs can be thought as more
physical from the observational viewpoint ?”
Let us first recall the relation,
Lcan = Lmech + Lpot, (108)
with
Lcan =
∫
ψ† r ×
(
1
i
∇ − gApure
)
ψ d3r, (109)
Lmech =
∫
ψ† r ×
(
1
i
∇ − gA
)
ψ d3r, (110)
Lpot = g
∫
ψ† r ×Aphys ψ d3r, (111)
which means that the gauge-invariant canonical OAM is obtained as a sum of the
mechanical OAM and the potential OAM defined in Ref. 41. This is clearly different
from the definition adopted by Hatta and Yoshida,58 which is given by
Lmech = Lcan + L
′
pot, (112)
with
L′pot = − g
∫
ψ† r ×Aphys ψ d3r. (113)
One might think that it is just a matter of sign convention of Lpot term. It would
certainly be so if one is interested only in the difference between the two OAMs, i.e.
the canonical and the mechanical OAMs. However, if one is interested in the separate
physical contents of the two OAMs, one will find that these two definitions have
quite different physical interpretations. In fact, as we shall see in the next section,
proper physical interpretation of the two OAMs has a deep connection with the
problem of practical observability of the OAMs through deep-inelastic-scattering
(DIS) measurements.
The reason of Hatta and Yoshida’s definition of L′pot can readily be imagined
from the following consideration. In view of the fact that the potential angular mo-
mentum contains the physical component Aphys of the gluon field, L
′
pot is naturally
thought to give a measure of the genuine quark-gluon interaction. In fact, they
showed that L′pot is related to the twist-3 quark-gluon correlation functions. The
spirit of their definition (112) with (113) would then be the following. Formally,
the expression (110) of the mechanical OAM Lmech contains the full gluon field
A. Then, the subtraction of L′pot from Lmech would work to eliminate the physical
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part Aphys of the gluon field, thereby leading to the generalized (gauge-invariant)
canonical OAM Lcan, in which only the pure-gauge part Apure of the gluon is con-
tained. The resultant Lcan is essentially the standard canonical OAM, since Apure
is an unphysical gauge degrees of freedom, which can be eliminated eventually. It
also appears that this canonical OAM is perfectly consistent with free partonic pic-
ture of quark orbital motion, as already emphasized in the paper by Bashinsky and
Jaffe.25 In this picture, what contains the genuine quark-gluon interaction is Lmech
not Lcan.
However, this viewpoint is not necessarily justified. Another totally different
viewpoint would be the following. One takes that Lmech is a quantity with more
physical significance than Lcan. In fact, what appears in the equation of motion
of the charged particle under the presence of the electromagnetic potential is the
mechanical momentum Pmech and the mechanical OAM Lmech not the canonical
momentum P can and the canonical OAM Lcan.
100 Remember that the mechanical
OAM is a quantity which is related to the the coordinate and the velocity of a
particle as m r×u√
1−u2 with u = r˙. To understand the physical meaning of the mechanical
OAM, the relativistic kinematics of the charged particle (electron) is not essential.
It would rather block up transparent understanding of the physical meaning of the
mechanical OAM as well as the relation between the mechanical OAM and canonical
OAM. In the following, we therefore consider simpler interacting system of photons
and charged particles with nonrelativistic motion93–95 following the discussion in
Ref. 45. The spin of the charged particle is also discarded, for simplicity.
The total energy of such a system is given by
H =
∑
i
1
2
mi r˙
2
i +
1
2
∫
[E2 +B2 ] d3r. (114)
Here the 1st and the 2nd terms of the r.h.s. respectively stand for the mechanical
kinetic energy of the charged particles and the total energy of the electromagnetic
fields.
Introducing the transverse-longitudinal decomposition A(x) = A⊥(x) +A‖(x)
of the vector potential, the electric field can also be decomposed into longitudinal
and transverse components as
E = E⊥ + E‖, (115)
with
E⊥ = − ∂A⊥
∂t
, E‖ = −∇A0 −
∂A‖
∂t
, (116)
while the magnetic field is intrinsically transverse
B = ∇×A = ∇×A⊥ = B⊥. (117)
Correspondingly, the photon part of the total energy can be decomposed into two
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pieces, i.e. the longitudinal part and the transverse part, as
H =
N∑
i−1
1
2
mi r˙
2
i +
1
2
∫
E2‖ d
3r +
1
2
∫
[E2⊥ +B
2
⊥ ] d
3r. (118)
By using the Gauss law ∇ · E‖ = ρ, it can be shown that the longitudinal part
is nothing but the Coulomb energy between the charged particles (aside from the
self-energies), so that we can write as
H =
N∑
i=1
1
2
mi r˙
2
i + Vcoul + Htrans, (119)
with
VCoul =
1
4 π
N∑
i,j=1 (i6=j)
qi qj
|ri − rj | , (120)
Htrans =
1
2
∫
[E2⊥ +B
2
⊥ ] d
3r. (121)
Next, let us consider a similar decomposition of the total momentum. The total
momentum of the system is a sum of the mechanical momentum of charged particles
and the momentum of the photon field as
P = Pmech + P
γ (122)
with
Pmech =
∑
i
mi r˙i, P
γ =
∫
E ×B d3r. (123)
The total momentum of the electromagnetic fields can be decomposed into lon-
gitudinal and transverse parts as
P γ = P γlong + P
γ
trans, (124)
with
P
γ
long =
∫
E‖ ×B⊥ d3r, (125)
P
γ
trans =
∫
E⊥ ×B⊥ d3r, (126)
Again, by using the Gauss law, it can be shown that the longitudinal part P long is
also expressed as
P
γ
long =
∑
i
qiA⊥(ri) ≡ P pot. (127)
As pointed out in Ref. 41, the quantity qiA⊥(ri) appearing here is nothing but the
potential momentum according to the terminology of Konopinski.101 In the present
context, it represents the momentum that associates with the longitudinal (electric)
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field generated by the particle i. After these steps, the total momentum of the system
is now given as a sum of three terms as
P = Pmech + P pot + P
γ
trans. (128)
A delicate question here is the following. Which of particles or photons should the
potential momentum be attributed to ? In view of the fact that the potential mo-
mentum term is also thought of as representing the interactions of charged particles
and photons, we realize that it is of the same sort of question as which of charged
particles or photons should the Coulomb energy be attributed to. To attribute it
to charged particle is closer to the concept of “action at a distance theory”, while
to attribute it to electromagnetic field is closer to the concept of “action through
medium”. If there is no difference between their physical predictions, the choice is
certainly a matter of convenience. Let us see what happens if we combine the poten-
tial momentum term with the mechanical momentum of charged particles. To this
end, we recall that, under the presence of electromagnetic potential, the canonical
momentum pi of the charged particle i is given by the equation
pi ≡ ∂L
∂r˙i
= mi r˙i + qiA(ri), (129)
where L is the Lagrangian corresponding to the Hamiltonian (114). Using it, the
total momentum P can be expressed in the following form :
P = P can + P
γ
trans, (130)
with
P can =
∑
i
(
pi − qiA‖(ri)
)
. (131)
Here use has been made of the relation A(ri) −A⊥(ri) = A‖(ri). Note that the
above P can is the generalized (gauge-invariant) canonical momentum of the charged
particle system.
We can carry out a similar manipulation also for the angular momentum. The
total angular momentum of the system is a sum of the mechanical angular momen-
tum of charged particles and the angular momentum of photon fields as
J = Lmech + J
γ , (132)
with
Lmech =
∑
i
mi ri × r˙i, (133)
Jγ =
∫
d3r r × (E ×B). (134)
Similarly as before, the total angular momentum of the electromagnetic fields can
be decomposed into longitudinal and transverse parts as
Jγ = Jγlong + J
γ
trans, (135)
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with
J
γ
long =
∫
r × (E‖ ×B⊥) d3r, (136)
J
γ
trans =
∫
r × (E⊥ ×B⊥) d3r. (137)
Again, by using the Gauss law, J long can also be expressed as
J
γ
long =
∑
i
qi ri ×A⊥(ri) ≡ Lpot. (138)
This is nothing but the potential angular momentum in the terminology of Ref. 41.
Thus, we are led to the following decomposition of the total angular momentum :
J = Lmech + Lpot + J
γ
trans. (139)
Again, we have freedom to combine the potential angular momentum with the
mechanical angular momentum of the charged particle i. Noting again the relation
A(ri)−A⊥(ri) = A‖(ri), we obtain
J = Lcan + J
γ
trans, (140)
with
Lcan =
∑
i
ri ×
(
pi − qiA‖(ri)
)
. (141)
As expected, this Lcan is just the generalized (gauge-invariant) canonical OAM of
the charged particles.i At first sight, simpler-looking appearance of the decomposi-
tion (130) of the total momentum and the decomposition (140) of the total angular
mometum appears to indicate physical superiority of canonical momentum and the
canonical angular momentum over the mechanical ones. In fact, since A‖(ri) is the
pure-gauge part of the photon, which can eventually be eliminated, they are essen-
tially the momentum and the angular momentum of a free particle. However, one
should recognize the fact that, under the circumstance where strong electromag-
netic potential exists, there cannot be any free charged particle. (This observation
becomes of more practical importance in the strong-coupled gauge theory like QCD.)
As is clear from the expressions,
Pmech =
∑
i
mi r˙i =
∑
i
mi vi, (142)
Lmech =
∑
i
mi ri × r˙i =
∑
i
mi ri × vi, (143)
what have natural interpretation as translational and orbital motions of particles
under the presence of the gauge potential are the mechanical momentum Pmech
iThis precisely corresponds to the gauge-invariant canonical OAM appearing in the Chen decom-
position. As is obvious from the above derivation, the gauge degrees of freedom carried by A‖ is
not introduced by the artificial prescription of gauge-invariant extension. Rather, it is a freedom
already existing in the original gauge theory, i.e. in QED.
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and the mechanical OAM Lmech not the canonical momentum P can and the canon-
ical OAM Lcan.
100 It may sound paradoxical, but in conjunction with the relation
P can = Pmech + P pot, and Lcan = Lmech + Lpot, one must say that what
contains extra interaction terms, i.e. the potential momentum and potential angu-
lar momentum, are rather the canonical momentum and canonical OAM not the
mechanical momentum and the mechanical OAM.
One might still suspect that the argument above is just a matter of philosophy.
Naturally, what discriminates physics from philosophy is the experimental obser-
vations. In Sect.7, we will show that the above-mentioned difference between the
canonical OAM and the mechanical OAM has a crucial influence on their observ-
ability by means of high-energy deep-inelastic-scattering measurements.
7. On the Relation with Deep-Inelastic-Scattering Observables
Historically, it was a common belief that the canonical OAMs appearing in the Jaffe-
Manohar decomposition would not correspond to observables, because they are not
gauge-invariant quantities. This nebulous impression did not change even after a
gauge-invariant version of the Jaffe-Manohar decomposition due to Bashinsky and
Jaffe or of Chen et al. appeared. However, the situation has changed drastically
after Lorce´ and Pasquini showed that the canonical quark OAM can be related
to a certain moment of a quark distribution function in a phase space, called the
Wigner distribution.102 (A complete classification of the Wigner distributions for a
spin 1/2 target is given in the paper by Meissner, Metz, and Schlegel.103 See also
the paper by Lorce´ and Pasquini for an extension to gluon distributions.104) Since
the longitudinal component of the OAM arises from the motion of partons in the
transverse plane perpendicular to the nucleon momentum, it is intuitively natural
to consider such generalized distribution functions of partons beyond the collinear
distributions. The relevant quantity here is a phase-space quark distribution in a
longitudinally polarized nucleon :
ρq(x,k⊥, b⊥ ; W) =
∫
d2∆⊥
(2 π)2
e− i∆⊥·b⊥
1
2
∫
dz− d2z⊥
(2 π)3
e i (x P¯
+ z−−k⊥·z⊥)
× 〈P ′+, ∆⊥
2
, S | ψ¯
(
− z
2
)
γ+W ψ
(z
2
)
|P+,−∆⊥
2
, S〉 |z+=0, (144)
given as a function of the ordinary longitudinal momentum fraction x (x = k+ / P¯+
with P¯ = (P ′ + P ) / 2), the transverse momentum k⊥, the impact parameter b⊥.
Here, W is a gauge-link, also called the Wilson line, connecting the two space-time
points z/2 and − z/2. According to them, the Wigner distribution gives a natural
definition of the quark OAM density in the phase-space as follows :
Lqz(x,k⊥, b⊥ ; W) = (b⊥ × k⊥)z ρq(x,k⊥, b⊥ ; W). (145)
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After integrating over x,k⊥, and b⊥, they arrive at a remarkable relation, which
connects a Wigner distribution with the quark OAM :
〈Lqz〉W =
∫
dx d2k⊥ d2b⊥ Lqz(x,k⊥, b⊥ ; W)
= −
∫
dx d2k⊥
k2⊥
M2
F q1,4(x, 0,k
2
⊥, 0, 0,W), (146)
where the function F q1,4 is contained in the following structure of the Wigner distri-
bution ρq :
ρq(x,k⊥, b⊥ ; W) = F q1,1(x,k2⊥,k⊥ · b⊥, b2⊥ ; W)
− 1
M2
(k⊥ ×∇b⊥)z F q1,4(x,k2⊥,k⊥ · b⊥, b2⊥ ; W). (147)
A delicacy here is that the Wigner distribution ρq generally turns out to depend
on the chosen path of the gauge-link W connecting the points z/2 and − z/2. As
shown by a careful study by Hatta56 with the choice of a staple-like gauge-link
in the light-front direction, corresponding to the kinematics of the semi-inclusive
reactions or the Drell-Yan processes, the above quark OAM turns out to coincide
with the (gauge-invariant) canonical quark OAM not the dynamical OAM :
Lqcan = 〈Lqz〉W=W
LC
. (148)
This observation holds out a hope that the canonical quark OAM in the nucleon
would also be a measurable quantity, at least in principle.
In a recent paper,105 however, Courtoy et al. throws a serious doubt on the
practical observability of the Wigner function F q1,4 appearing in the above intriguing
sum rule. According to them, even though F q1,4 may be nonzero in particular models
and also in real QCD, its observability would be inconsistent with the following
observations :
• it drops out in both the formulation of GPDs and TMDs ;
• it is parity-odd, at variance with parity-even structure of more familiar TMD
Sivers function106, 107 ;
• it is nonzero only for imaginary values of the quark-proton helicity amplitudes.
These observations indicate that F q1,4 would not appear in the cross section formulas
of any DIS processes at least at the leading order approximation. Anyhow, what
is indicated by their arguments is the fact that the existence of a simple partonic
picture of the canonical quark OAM in the Fock space and its observability are
different things. It appears to us that this takes a discussion on the observability of
the canonical OAM back to its starting point.
What about observability of another OAMs, i.e. the mechanical OAMs, then ?
As pointed out in Sect.2, we already know the relations connecting the mechanical
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quark and gluon OAMs to DIS observables :
Lqmech =
1
2
∫
x [Hq(x, 0, 0) + Eq(x, 0, 0) ] dx − 1
2
∫
H˜q(x, 0, 0) dx, (149)
LGmech =
1
2
∫
x
[
HG(x, 0, 0) + EG(x, 0, 0)
]
dx −
∫
H˜G(x, 0, 0) dx. (150)
They are indirect relations, however, in the sense that both the quark and gluon
mechanical OAM are obtained only as differences of total angular momenta and
the intrinsic spin parts. It would be nicer, if there is any sum rule which directly
relates the mechanical OAMs to observables. Fortunately, at least for the quark
part, such a relation exists, as first noticed by Penttinen, Polyakov, and Shuvaev,
and Strikman108 and later refined by Kiptily and Polyakov.109 (The same relation
has recently been rediscovered by Hatta and Yoshida in their twist-3 analysis of the
nucleon spin contents.58) They showed that the mechanical quark OAM Lqmech can
be related to a moment of the twist-3 GPD named G2 as
Lqmech = −
∫
xGq2(x, 0, 0) dx. (151)
This twist-3 GPD Gq2 appears in the following parametrization of the GPD :
1
2
∫
dz−
2 π
e i x P¯
+ z− 〈P ′, S′ | ψ¯
(
− z
−
2
)
γjW ψ
(
z−
2
)
|P, S〉
=
1
2 P¯+
u¯(P ′, S′)
[
∆j⊥
2M
Gq1 + γ
j (Hq + Eq +Gq2 )
+
∆j⊥ γ
+
P+
Gq3 +
i ǫjkT ∆
k
⊥ γ
+ γ5
P+
Gq4
]
u(P, S), (152)
where P¯ = (P ′+P )/2, the nucleon is moving in the z-direction,∆⊥ is the transverse
part of ∆µ, and the indices j, k = 1, 2 are transverse indices. (We recall that the
GPD G2 has some relation to the quantities E˜2T and E
3
+ respectively discussed in
Ref. 103 and in Ref. 110.) Since the mechanical OAM can be given as a x-integral
of the quantity − xGq2(x, 0, 0), one might be tempted to interpret the latter as a
mechanical OAM density in the Feynman x-space. An interesting observation by
Kiptily and Polyakov is the following. According to them, Gq2(x, 0, 0) consists of the
Wandzura-Wilczek (WW) part and the genuine twist-3 part as follows :
Gq2(x, 0, 0) = G
q,WW
2 (x, 0, 0) + G¯
q
2(x, 0, 0). (153)
Here, the WW part is represented by the forward limits of the three twist-2 GPDs
as
Gq,WW2 (x, 0, 0) = − (Hq(x, 0, 0) + Eq(x, 0, 0)) +
1
x
H˜q(x, 0, 0)
+
∫ ǫ(x)
x
dy
y
(Hq(y, 0, 0, ) + Eq(y, 0, 0)) −
∫ ǫ(x)
x
dy
y2
H˜q(y, 0, 0), (154)
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with ǫ(x) = x / |x|. On the other hand, the 2nd moment of the genuine twist-3 part
of Gq2 is shown to vanish identically,∫ 1
−1
x G¯q2(x, 0, 0) dx = 0. (155)
This means that the genuine twist-3 part of Gq2 does not contribute at all to the
net (or integrated) mechanical quark OAM Lqmech. Putting it in another way, the
net mechanical quark OAM is determined solely by three twist-2 GPDs Hq(x, 0, 0),
Eq(x, 0, 0), and H˜q(x, 0, 0).
Now we recall the discussion in Sect.6 on the relation between the mechanical and
canonical OAMs. According to the definition of Hatta and Yoshida,58 the mechanical
quark OAM is given as a sum of the canonical quark OAM and the potential angular
momentum as
Lqmech = L
q
can + L
′
pot. (156)
As pointed out there, they showed that the potential angular momentum L′pot is
related to the (‘F-type’) twist-3 quark-gluon correlator ΦF (x1, x2) as
L′pot =
∫
dx1 dx2 P 1
x1 − x2 ΦF (x1, x2), (157)
with P denoting a principle value, which means that L′pot is a genuine twist-3
quantity. On the other hand, we have seen above that the mechanical quark OAM
Lqmech appearing in the left-hand-side of Eq.(156) is given by the twist-2 GPDs alone.
This dictates that the genuine twist-3 contribution in Lqcan and L
′
pot must cancel
each other in their sum. Is this cancellation accidental ? Very curiously, if one takes
a different viewpoint as advocated in Sect.6, one can explain the above observation
in more natural way. Namely, by translating the QED argument explained in Sect.6
into the QCD problem, one observes that the canonical OAM rather emerges as a
sum of the mechanical OAM and the potential angular momentum as
Lqcan = L
q
mech + Lpot, (158)
with the relation Lpot = −L′pot. Now it is no surprise that the canonical OAM
contains the genuine twist-3 part, since it is given as a sum of the mechanical
OAM (given by the twist-2 GPDs alone), and the genuine twist-3 potential angular
momentum. We emphasize that this interpretation is in perfect harmony with the
statement in sect.6, which tells that what contains the potential angular momen-
tum is the canonical OAM rather than the mechanical OAM. The consideration
above, especially the relation (155), also explains naturally why the mechanical
OAM rather than the canonical OAM can be considered as the physical one, even
though it does not appear to fit with the widespread belief that the canonical OAM
is more compatible with the partonic interpretation of the OAM angular momen-
tum.
The relation between the two kinds of OAMs was also analysed by Burkardt
from a different viewpoint.62 His attention is paid to a physical interpretation of the
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ξ− ξ−
(∞−, ξ⊥) (−∞−, ξ⊥)
W0−0⊥,∞−0⊥
ξ⊥
W∞−ξ⊥,ξ−ξ⊥
W∞−0⊥,∞−ξ⊥
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W−∞−0⊥,−∞−ξ⊥
W0−0⊥,−∞−0⊥
(a) (b)
(−∞−, 0⊥)
Fig. 3. The future-pointing staple-like Wilson line (left panel) and the past-pointing staple-like
Wilson line, corresponding to the kinematics of semi-inclusive hadron productions and the Drell-
Yan processes, respectively.
difference between the two OAMs. Also very interesting is his parallel consideration
on the difference between several average transverse momenta of quarks inside the
nucleon. His analysis begins with the following definitions of the average transverse
momenta of quarks and the longitudinal component of the orbital angular momenta
in terms of Wigner distributions :
〈kq⊥ 〉W =
∫
dx d2b⊥ d2k⊥ k⊥ ρq(x, b⊥,k⊥ ; W), (159)
〈Lqz〉W =
∫
dx d2b⊥ d2k⊥ (b⊥ × k⊥)z ρq(x, b⊥,k⊥ ; W). (160)
These quantities are both dependent on the path of the gauge-kink, since the Wigner
distribution defined by
ρq(x,k⊥, b⊥ ; W) =
∫
d2∆⊥
(2 π)2
e− i∆⊥·b⊥
1
2
∫
dξ− d2ξ⊥
(2 π)3
e i (x P¯
+ ξ−−k⊥·ξ⊥
× 〈P ′+, ∆⊥
2
, S | ψ¯ (0) γ+W ψ (ξ) |P+,−∆⊥
2
, S〉 |ξ=0, (161)
is generally dependent on the path connecting the two space-time points ξ and
0. Physically interesting paths are the following three. The first is the future-
pointing light-like staple path W+LC0ξ (see Fig.3(a)) corresponding to the kine-
matics of semi-inclusive hadron productions. As seen from Fig.3(a), by using
the straightline path W(sl)ξ−ξ⊥,ξ′−ξ′⊥ connecting the two space-time points by a
straight line, it is represented asW+LC0ξ ≡ W(sl)0−0⊥,∞−0⊥W
(sl)
∞−0⊥,∞−ξ⊥W
(sl)
∞−ξ⊥,ξ−ξ⊥ .
The second is the past-pointing light-like staple path W−LC0ξ corresponding
to the kinematics of Drell-Yan processes. It is represented as W−LC0ξ ≡
W(sl)0−0⊥,−∞−0⊥W
(sl)
−∞−0⊥,−∞−ξ⊥W
(sl)
−∞−ξ⊥,ξ−ξ⊥ , as illustrated in Fig.3(b). The last
is the straightline path connecting the two space-time points (0−,0⊥) and (ξ−, ξ⊥)
directly, which gives Wstraight ≡ W(sl)0−0⊥,ξ−ξ⊥ .
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Burkardt primarily concentrated on the difference between the two average quark
transverse momenta and also the difference between the two OAMs, corresponding
to the two gauge-link paths, i.e. the future-pointing light-like staple pathW+LC and
the straightline pathWstraight. When evaluating the average transverse momentum
〈ki⊥〉+LC ≡
∫
dx d2b⊥ d2k⊥ ki⊥ ρ
q(x, b⊥,k⊥,W+LC), the factor ki⊥ can be translated
into a derivative − i ∂
∂ξi
⊥
acting on the operator ψ¯(0) γ+W+LC0ξ ψ(ξ), whose matrix
element is subsequently evaluated for ξ⊥ = 0⊥. With use of the familiar derivative
formula on the Wilson line,111
− i ∂
∂ξi⊥
W+LC0ξ
∣∣∣∣
ξ=0
= −W0−0⊥,∞−0⊥ Ai⊥(∞−,0⊥)W∞−0⊥,0−0⊥
+
∫ ∞
0−
dz−W0−0⊥,z−0⊥ ∂iA+(z−,0⊥)Wz−0⊥,0−0⊥ , (162)
one readily obtains
〈ki⊥〉+LC = N
∫
d3r 〈PS | ψ¯(r) γ+
(
1
i
∇i⊥ − g Ai⊥(r−, r⊥)
−
∫ ∞
r−
dz−Wr−r⊥,z−r⊥ F+i(z−, r⊥)Wz−r⊥,r−r⊥
)
ψ(r) |PS〉, (163)
with N = 1 / 〈PS |PS〉. Similarly, it can be shown that the average transverse
momentum corresponding to the straightline path Wstraight is given by
〈ki⊥〉straight
= N
∫
d3r 〈PS | ψ¯(r) γ+
(
1
i
∇i⊥ − g Ai⊥(r−, r⊥)
)
ψ(r) |PS〉. (164)
The difference between these two quantities is therefore given by
〈ki⊥〉+LC − 〈ki⊥〉straight = − N
∫
d3r 〈PS | ψ¯(r) γ+
×
∫ ∞
r−
Wr−r⊥,z−r⊥ F+i(z−, r⊥)Wz−r⊥,r−r⊥ ψ(r) |PS〉, (165)
although one can show that 〈ki⊥〉straight vanishes by time-reversal invariance.
As pointed out by Burkardt, the quantity on the r.h.s. is nothing but the well-
known Qiu-Sterman matrix element.112 According to him,62 this quantity can be
interpreted as the change of transverse momentum for the struck quark as it leaves
the target after being struck by the virtual photon in the semi-inclusive DIS pro-
cesses. The legitimacy of this interpretation can most easily be seen by taking the
light-cone gauge. In this gauge, the Wilson lines along the light-like direction be-
come unity and the relevant component of the field-strength tensor, for example,
F+y, reduces to
−
√
2 g F+y = − g F 0y − g F zy = g (Ey − Bx)
= g [E + (v ×B)]y , (166)
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which represents the y-component of the color Lorentz force acting on a particle
that moves with the velocity of light in the − z direction, i.e. v = (0, 0,− 1), that
is the direction of the momentum transfer in the semi-inclusive DIS reactions. This
motivates him the semiclassical interpretation of the matrix element of (165) as
the average transverse momentum of the ejected quark generated by the average
color-Lorentz force from the spectator as it leaves the target.
A similar analysis can be carried out also for the quark OAMs, although it
needs an extra care. That is, when one evaluates 〈Lqz〉+LC =
∫
dx d2b⊥ d2k⊥ (b⊥ ×
k⊥)z ρq(x, b⊥,k⊥ ; W+LC), the factor b⊥ can be translated into a derivative
− i ∂
∂∆i
⊥
acting on the matrix element 〈P ′S′ | ψ¯(0) γ+W+LC0ξ ψ(r) |PS〉 = 〈P¯ −
∆
2 , S
′ | ψ¯(0) γ+W+LC0ξ ψ(r) | P¯ + ∆2 , S〉 contained in the definition of the Wigner
distribution ρq(x, b⊥,k⊥ ; W+LC). Hatta carried out this nontrivial operation by
making use of a parametrization of the above nucleon matrix element in terms of
the twist-3 quark-gluon correlation.57, 58 Using the notation of Burkardt,62 this gives
〈Lqz〉+LC
= N
∫
d3r 〈PS | ψ¯(r) γ+
{[
r ×
(
1
i
∇− gA
)]z
−
∫ ∞
r−
dz−Wr−r⊥,z−r⊥
× g (xF+y(z−, r⊥)− y F+x(z−, r⊥)) Wr−r⊥,r−r⊥ } ψ(r) |PS〉. (167)
Similarly, as first noticed by Ji, Kiong, and Yuan,75 the OAM corresponding to the
straightline path Wstraight is given by
〈Lqz〉straight = N
∫
d3r 〈PS | ψ¯(r) γ+
[
r ×
(
1
i
∇− gA
)]z
ψ(r) |PS〉. (168)
One therefore finds for the difference
〈Lqz〉+LC − 〈Lqz〉straight = −N
∫
d3r 〈PS | ψ¯(r) γ+
∫ ∞
r−
dz−Wr−r⊥,z−r⊥
× g (xF+y(z−, r⊥)− y F+x(z−, r⊥)) Wz−r⊥,r−r⊥ ψ(r) |PS〉. (169)
Analogous to the previous semiclassical interpretation of − g F+i(r−, r⊥) as the
transverse force acting on the active quark along its trajectory, Burkardt gave an
interpretation that
T z(r−, r⊥) ≡ − g
(
xF+y(r−, r⊥) − y F+x(r−, r⊥)
)
, (170)
represents the z-component of the torque that acts on a particle moving with the
velocity of light in the − z direction - the direction in which the ejected quark moves.
Consequently, the difference between the two OAMs, i.e. 〈Lqz〉+LC and 〈Lqz〉straight
is interpreted as the change of the OAM as the quark moves through the color
field created by the spectators. We point out that these two OAMs 〈Lqz〉+LC and
〈Lqz〉straight are nothing but the “canonical” and “mechanical” OAMs, Lcan and
Lmech, respectively.
The analysis of Burkardt is limited only to the difference between the two average
transverse momenta and the difference between the two OAMs. We find it very
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interesting to reconsider his analysis from a different viewpoint. Let us start with
the following relations :
〈ki⊥〉±LC = N
∫
d3r 〈PS | ψ¯(r) γ+
(
1
i
∇i⊥ − g Ai⊥(r−, r⊥)
−
∫ ±∞
r−
dz−Wr−r⊥,z−r⊥ F+i(z−, r⊥)Wz−r⊥,r−r⊥
)
ψ(r) |PS〉. (171)
and
〈Lqz〉±LC
= N
∫
d3r 〈PS | ψ¯(r) γ+
{[
r ×
(
1
i
∇− gA
)]z
−
∫ ±∞
r−
Wr−r⊥,z−r⊥
× g (xF+y(z−, r⊥)− y F+x(z−, r⊥)) Wz−r⊥,r−r⊥ } ψ(r) |PS〉. (172)
Here, we have given the average transverse momentum and the OAM not only
for the future-pointing light-like staple path but also for the past-pointing one. As
pointed out by Hatta, the two OAMs 〈Lqz〉±LC are actually shown to coincide due
to parity and time-reversal (PT) symmetry, and they can be identified with the
(gauge-invariant) canonical OAM as
〈Lqz〉+LC = 〈Lqz〉−LC =
1
2
(〈Lqz〉+LC + 〈Lqz〉−LC) = Lcan. (173)
In fact, the quantity appearing in the 2nd term of 〈Lqz〉±LC can be written as
−
∫ ±∞
r−
dz−Wr−r⊥,z−r⊥ F+µ(z−, r⊥)Wz−r⊥,r−r⊥
= −
∫
dz− κ(z− − r−),Wr−r⊥,z−r⊥ F+µ(z−, r⊥)Wz−r⊥,r−r⊥ , (174)
with use of the functions
κ(z−) = ± θ(± z−), (175)
depending on the two choices of path. The above quantity precisely coincides with
the physical component of the gluon defined by Hatta,56
Aµphys(r
−, r⊥)
= −
∫
dz− κ(z− − r−)Wr−r⊥,z−r⊥ F+µ(z−, r⊥)Wz−r⊥,r−r⊥ . (176)
Plugging this into (172), one thus obtains
〈Lqz〉±LC = N
∫
d3r 〈PS | ψ¯(r) γ+
{[
r ×
(
1
i
∇− gA(r−, r⊥)
)]z
+
(
r ×Aphys(r−, r⊥)
)z }
ψ(r) |PS〉
= N
∫
d3r 〈PS | ψ¯(r) γ+
[
r ×
(
1
i
∇− gApure(r−, r⊥)
)]z
ψ(r) |PS〉.
= Lcan. (177)
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The r.h.s. of this equation in fact reproduces the theoretical expression for the gauge-
invariant canonical momentum Lcan. What is important here is that, because of the
equality (173), the definition of the canonical OAM is independent of the two choice
of the light-like paths relevant to the two physical DIS processes.
As we shall see below, however, this is not the case for the average transverse
momenta. In fact, exactly in the same way as the manipulation above, one can show
that
〈ki⊥〉±LC = N
∫
d3r 〈PS | ψ¯(r)
[
γ+
(
1
i
∇i⊥ − g Ai(r−, r⊥)
)
+ g Aiphys(r
−, r⊥)
]
ψ(r) |PS〉. (178)
This therefore gives
〈ki⊥〉±LC
= N
∫
d3r 〈PS | ψ¯(r) γ+
(
1
i
∇i⊥ − g Aipure(r−, r⊥)
)
ψ(r) |PS〉. (179)
Formally, the r.h.s. of this relation is the defining equation of canonical transverse
momentum 〈ki⊥〉can. A problem here is that the two average transverse momenta
〈ki⊥〉±LC do not agree with each other. In fact, from PT symmetry, they have
opposite sign with equal magnitude113
〈ki⊥〉−LC = −〈ki⊥〉+LC . (180)
This means that the definition of the average transverse canonical momentum is not
universal. Putting it in another way, while the potential angular momentum L′pot
defined by
L′pot ≡ Lmech − Lcan, (181)
may basically be a universal quantity, the potential momentum defined by
〈ki⊥〉pot ≡ 〈ki⊥〉mech − 〈ki⊥〉can (182)
is not a path-independent quantity. Since 〈ki⊥〉mech = 0 by time-reversal symmetry,
one can also say that the potential momentum has just opposite sign with equal
magnitude for semi-inclusive and Drell-Yan processes. One natural possibility of
defining the canonical transverse momentum might be to take an average, i.e.
〈ki⊥〉can ≡
1
2
(〈ki⊥〉+LC + 〈ki⊥〉−LC) , (183)
which gives
〈ki⊥〉can = 0. (184)
It however does not correspond to a single DIS process, thereby making its physical
meaning obscure. This consideration in turn indicates somewhat peculiar nature of
the canonical momentum corresponding to the transverse motion.
What is curious here is the origin of the difference between the case of the aver-
age transverse momentum and that of the OAM. A plausible reason might be the
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following. In the argument of OAM, we are considering its longitudinal component,
i,e. the component along the direction of nucleon momentum. On the other hand, in
the case of average transverse momentum, we are dealing with the components per-
pendicular to the direction of nucleon momentum. To understand the significance
of this difference, we recall here more familiar discussion on the longitudinal mo-
mentum fractions of quarks and gluons. It starts with the standard gauge-invariant
decomposition of the QCD energy momentum tensor given as follows :
T µν = T µνq + T
µν
G , (185)
with
T µνq =
1
2
ψ¯ ( γµ iDν + γν iDµ ) ψ, (186)
T µνG = 2Tr [F
µα Fα
ν ] +
1
2
TrF 2. (187)
The quark part of the above QCD energy-momentum tensor is the famous Belinfante
symmetric tensor, or the mechanical energy-momentum tensor of quarks. Eq.(185)
therefore gives the mechanical decomposition of the QCD energy momentum tensor.
On the other hand, the “seemingly” covariant version of the canonical decom-
position, takes the following form :
T µν = T ′µνq + T
′µν
G , (188)
with
T ′µνq =
1
2
ψ¯
(
γµ iDνpure + γ
ν iDµpure
)
ψ, (189)
T ′µνG = −Tr [FµαDνpureAα,phys + F ναDµpureAα,phys ] +
1
2
TrF 2. (190)
Note that the quark part of this decomposition stands for the canonical energy-
momentum tensor, aside from unphysical gauge degrees of freedom. Eq.(188) there-
fore gives the canonical decomposition of the QCD energy momentum tensor. What
do these two different decompositions predict for the momentum sum rule of QCD
? Utilizing the freedom of gauge choice, one can take the light-cone gauge (A+ = 0).
In this case, we can set
A+phys → 0, A+pure → 0, (191)
D+ ≡ ∂+ − i g A+ → ∂+, D+pure ≡ ∂+ − i g A+pure → ∂+, (192)
F+α = ∂+Aα − ∂αA+ − g [A+, Aα] → ∂+Aα. (193)
Consequently, T++ component in either of the above two decompositions reduce to
the following simple form,
T++ = i ψ†+ ∂
+ ψ+ + Tr (∂
+A⊥)2, (194)
where ψ+ ≡ 12 γ+ γ− ψ with γ± = (γ0±γ3) /
√
2 is the so-called good component of
the quark field. As emphasized by Jaffe many years ago,114 interaction-dependent
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part drops in the light-cone gauge and infinite-momentum frame. Thus, from
〈P∞ |T++ |P∞〉 / 2 (P+∞)2 = 1, (195)
we are led to the standard momentum sum rule of QCD given as
〈x〉q + 〈x〉G = 1. (196)
Note that even the canonical decomposition gives this standard sum rule, contrary
to the claim in the original paper by Chen et al.29 The point is that the difference
between the canonical energy momentum tensor
T ′++q =
1
2
ψ¯ (γ+ i ∂+ + γ+ i ∂+ )ψ, (197)
and the mechanical energy momentum tensor
T++q =
1
2
ψ¯ (γ+ iD+ + γ+ iD+ )ψ, (198)
does not have effect on the longitudinal momentum sum rule after taking the light-
cone gauge (A+ = 0). We have seen that this simple argument does not hold for
the average transverse momentum, and that there is no universal definition of the
canonical momentum in this case. It seems to us that this once again shed light on
“unphysical” (or “mathematical”) nature of the idea of canonical momentum, at
least in its most general context. By some deep reasonj, such a discrepancy does
not occur for the longitudinal component of the OAMs. Nevertheless, by drawing
on all the arguments in this sections, we feel that what has closer relationship with
physical observables is the mechanical OAM rather than the canonical OAM.
After overviewing various aspects of the gauge-invariant nucleon spin decompo-
sition problem, we think it useful to revisit the consideration on the Stueckelberg
symmetry given in sect.3. According to Lorce´,51–55 the Stueckelberg symmetry dic-
tates existence of infinitely many decomposition of the gluon field into its physi-
cal and pure-gauge component, and this in turn leads to infinitely many GIEs of
Jaffe-Manohar decomposition of the nucleon spin. However, summing up the con-
sideration so far, it appears that the gauge symmetry plays only the secondary role
in the existence of plural forms of nucleon spin decomposition. First, we now un-
derstand that there are in principle infinitely many definitions of relativistic spin
operator (we are supposing here, for example, the existence of many definitions of
transverse spin), the origin of which can be attributed to the relativity not the
gauge symmetry.k Next, suppose that we are considering one of these spin oper-
ators, and that it does not have manifest gauge-invariance. Such an operator can
readily (or trivially) be made gauge-invariant by making use of Wilson lines. This
jWe conjecture that it is not unrelated to the fact that only the component of the gauge field along
the propagation direction can be decomposed into the physical and pure-gauge parts in a gauge-
and frame-independent way.
kAs already pointed out before, the ultimate origin of it can be traced back to the fact that
successive operations of Lorentz boosts generate spin rotation.
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is the point at which the path-dependence arises in the definition of the spin op-
erators. Nevertheless, from the context of physical application, there are actually
restricted numbers of paths, at least at the dominant order of twist expansion. (We
are supposing here, for instance, the future-pointing and past-pointing light-like sta-
ple paths, which appears in the definitions of TMDs and/or Wigner distributions.)
According to Lorce´’s viewpoint, they might be called different GIEs. However, we
do not necessarily need to use such a conceptually strange notion like the GIEs. In
fact, plainer interpretation would be that there are simply two different definitions
of relativistic spin observables (or quasi observables), both of which correspond to
different experimental settings. Despite these general statements, exceptional fea-
tures of the longitudinal nucleon spin sum rule should not be forgotten. First, the
relativity does not interude a unique definition of the sum rule, essentially because
the helicity of the massless gluon is a Lorentz-invariant concept. Second, there is
no essential path-dependence in the definition of the gluon spin operator, which
can be defined as the 1st moment of a collinear distribution function. (The relevant
path here is just a light-like straightline path.) This enables us to get gauge- as well
as Lorentz-frame-independent decompositions of the longitudinal nucleon spin in a
traditional sense.
8. Lattice QCD Studies of Nucleon Spin Contents
As pointed out in Sect.1, among the 4 pieces of the longitudinal nucleon spin de-
compositions, only the intrinsic quark spin contribution has been fairly precisely
determined through experiments. Empirical information on the other parts is still
very poor. Fortunately, there have been a great progress from the theoretical side.
That is, we can now get valuable information from the lattice QCD simulations,
which provides us with a powerful tool for handling nonperturbative QCD. Over
the last few years, the two lattice QCD collaborations carried out extensive studies
on the nucleon spin contents, although within the so-called quenched approxima-
tion.115–119 The basis of these analyses is the well-known Ji sum rule :
Jq =
1
2
[Aq20(0) + B
q
20(0) ] , (199)
JG =
1
2
[
AG20(0) + B
G
20(0)
]
, (200)
with Aq20(0) and B
q
20(0) being the forward limits of the so-called generalized form
factors, which are related to the forward limits of the unpolarized GPDs as
Aq20(0) =
∫ 1
−1
xHq(x, 0, 0) dx, (201)
Bq20(0) =
∫ 1
−1
xEq(x, 0, 0) dx, (202)
and similarly for the gluon part. Here, we confine to the quark part, since the study
of the gluon part is still a difficult challenge even for the lattice QCD. The lattice
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QCD simulations concentrates on evaluating the four quantities Au±d20 (0), B
u±d
20 (0),
which is necessary to get separate knowledge on Ju and Jd. Once the total angular
momentum Jq of the quark with a particular flavor is known, the quark OAM is
obtained through the relation,
Lq = Jq − 1
2
∆Σq. (203)
Here, ∆Σq is the 1st moment of the familiar longitudinally polarized quark distri-
bution,
∆Σq =
∫ 1
−1
∆q(x) dx, (204)
with the corresponding flavor q. Needless to say, the quark OAM obtained in this
way corresponds to the “mechanical” OAM not the “canonical” OAM.
Shown in Table 2 are the lattice QCD predictions for 2 J ≡ 2 (Ju + Jd + Js),
∆Σ ≡ ∆u + ∆d + ∆s, and 2L ≡ 2 (Lu + Ld + Ls) by the LHPC115–117 and
QCDSF-UKQCD groups.118, 119 For the sake of comparison, we also show here the
corresponding predictions of the chiral quark soliton model (CQSM) evolved to
the energy scale of Q2 = 4GeV2,120, 121 which corresponds to the renormalization
scale of lattice QCD calculations. The prediction of the CQSM is shown, because
it is a particularly successful model of the nucleon structure functions.122–131 In
particular, it is almost only one effective model of the nucleon. which is able to
explain the observed smallness of the quark spin fraction of the nucleon without any
fine-tuning. Moreover, this unique prediction of the model is inseparably connected
with its basic physical picture of the nucleon as a rotating hedgehog, which in turn
predicts fairly large orbital angular momentum of quarks.132, 133 As seen from the
table, this interesting prediction of the CQSM does not seem to be supported by
the lattice QCD predictions of the LHPC and the QCDSF-UKQCD Collaborations.
The results of both groups show that both the u- and d-quark OAMs carry sizable
amount (nearly 20%) of the nucleon spin. However, their contributions to the net
nucleon spin tend to cancel in such a way that
2Lu ≃ − 0.2, 2Ld ≃ +0.2, 2Lu+d ≃ 0. (205)
Table 2. Lattice QCD predictions for the nucleon spin contents by the
LHPC115–117 and QCDSF-UKQCD Collaborations.118, 119 Also shown for
comparison are the predictions of the chiral quark soliton model evolved to
the renormalization scale of lattice QCD.
LHPC QCDSF-UKQCD CQSM (Q2 = 4GeV2)
2 J 0.426(48) 0.452(26) 0.676
∆Σ 0.409(34) 0.402(48) 0.318
2L 0.005(52) 0.050(54) 0.358
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Naturally, one must be careful about large uncertainties inherent in the lattice
QCD calculations at this stage. They suffer from various limitations, which come
from the quenched approximation, the finite-size effects of the lattice, large pion
mass effects and/or the ambiguities in the chiral extrapolation procedures, etc.
Also noteworthy is the fact that, in the simulation by the LHPC and the QCDSF-
UKQCD groups, only the contributions of connected-insertion (CI) were taken into
account and those of the disconnected-insertion (DI) were totally left out.
More recently, χQCD Collaboration carried out a challenging study of nucleon
spin contents by including the DI contributions as well and found that they in fact
have sizable effects.134, 135 Their results are shown in Table 3. They confirmed the
results by the LHPC and the QCDSF-UKQCD collaborations that the CI contri-
bution to the net quark OAM is certainly very small. However, they found that the
DI contribution to the same quantity is very large. As a consequence, their result
shows that nearly half of the nucleon spin comes from the quark OAM (“mechani-
cal” OAM). This number is even larger than the prediction of the CQSM, although
they are consistent in a qualitative sense. In view of the previously-mentioned var-
ious uncertainties of the lattice QCD calculation, it would be premature to draw
a decisive conclusion at the present stage. Nevertheless, their analysis clearly re-
minds us of the fact that some of the nucleon observables are very sensitive to the
introduction of the DI contributions, which are thought to simulate the pion clouds
effects dictated by the spontaneous chiral symmetry breaking of QCD vacuum. This
means that, in oder to get realistic predictions for internal structures of the nucleon
in the framework of lattice QCD, more serious account of the DI contributions is ab-
solutely necessary. Also highly desirable is to carry out calculations with dynamical
fermions.
Table 3. Lattice QCD estimate of the contributions of connected inser-
tions (CI) and the disconnected insertions (DI) to the nucleon spin contents
by the χQCD Collaboration.134, 135
CI (u+ d) DI (u+ d+ s) sum
2 J 0.629(51) 0.092(14) 0.72(8)
∆Σ 0.62(9) - 0.36(3) 0.25(12)
2L 0.01(10) 0.46(3) 0.47(13)
So far, our eyes are mainly turned on flavor singlet combination (or the net
contribution) of the quark OAMs. Also very interesting is the isovector combination,
i.e. the difference of OAMs carried by u-quark and d-quark. It should be emphasized
that the lattice QCD predictions for this flavor-nonsinglet quantity are expected to
be quantitatively more trustable than that for the flavor-singlet quantity Lu+d,
because there is no DI contribution to the former, which is harder to estimate
reliably. As already pointed out, the predictions of the LHPC and QCDSF-UKQCD
groups are that Lu is negative and Ld is positive, which leads to a remarkable
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prediction that Lu − Ld is sizably negative
2Lu−d ≃ − 0.4. (206)
This must be a surprise. In fact, it sharply contradicts the prediction of the familiar
quark model like the MIT bag model. To explain it, we first recall the nucleon spin
sum rule obtained within the familiar MIT bag model in both of the isoscalar and
isovector channels. They are given by
2 Ju+d = ∆Σu+d + 2Lu+d, (207)
2 Ju−d = ∆Σu−d + 2Lu−d, (208)
where 2 Ju+d = 1, 2 Ju−d = 5/3, while
∆Σu+d =
∫ R
0
{
[f(r)]2 − 1
3
[g(r)]2
}
r2 dr, (209)
∆Σu−d =
5
3
∆Σu+d, (210)
and
Lu+d =
2
3
∫ R
0
[g(r)]2 r2 dr, (211)
Lu−d =
5
3
Lu+d. (212)
Here, R is the bag radius, while f(r) and g(r) are the radial wave functions of the
upper and lower components of the ground state of the MIT bag model, given in
the form :
ψg.s.(r) =
(
f(r)χs
i g(r)σ · rˆ χs
)
, (213)
with the normalization∫ R
0
{
[f(r)]2 + [g(r)]2
}
r2dr = 1. (214)
Note that the limiting case of non-relativistic quark model is obtained by setting
the lower component to be zero, i.e. g(r) ≡ 0. In this limit, we have
∆Σu+d = 1, Lu+d = 0, (215)
and
∆Σu−d =
5
3
, Lu−d = 0. (216)
This just reconfirms the fact that, in the MIT bag model, the quark OAMs come
from the lower P -wave component of the ground-state wave function. For a typical
bag parameter, which gives ∆Σu+d ≃ 0.7, one would find that
2Lu+d ≃ 0.30, 2Lu−d ≃ 0.50, (217)
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which especially means that Lu − Ld is positive with sizable magnitude. This is in
sharp contradiction to the afore-mentioned prediction of the lattice QCD, 2Lu−d ≃
− 0.4. We recall that the discrepancy between the EMC observation ∆Σ ≃ (0.2 −
0.3) and the predictions of the standard quark models (remember for example, the
prediction of the naive quark model ∆Σu+d = 1, or the prediction of the MIT bag
model ∆Σu+d ≃ 0.7) was called the “nucleon spin crisis”. Now, the discrepancy
between the isovector combination of the quark OAMs pointed out above seems
more drastic, in the sense that even their signs are different. One might then call it
“another” nucleon spin crisis.
There can be two possible origins of this discrepancy. The first is the possibility
of significant numerical difference between the two OAMs, i.e. the canonical and
mechanical OAMs. The OAM difference Lu − Ld calculated above in the MIT bag
model roughly corresponds to the canonical OAM, although the MIT bag model
is not a gauge theory. On the other hand, the OAM Lu − Ld extracted from the
lattice QCD analysis with help of the Ji sum rule is the mechanical OAM. There is
no reason to expect that their difference is small.
The second possible origin is the strong scale dependence of Lu − Ld, which
we shall discuss below. Remember first that the renormalization scale of the lattice
QCD calculation corresponds to relatively high-energy scale asQ2 ≃ 4GeV2. On the
other hand, the energy scale of low energy models like the MIT bag model is believed
to be much lower, say Q2 ≃ (0.4 ∼ 0.6GeV)2. This makes no big difference in the
case of flavor singlet quark spin, because it is nearly a scale-independent quantity,
except in the extremely low energy regions where the framework of the perturba-
tive renormalization group becomes untrusted.l However, the isovector combination
of the quark OAMs turns out to be strongly scale-dependent quantities.120, 121, 136
Thomas then claims that this strong scale-dependence of Lu−Ld is likely to resolve
the above-mentioned discrepancy at least partially.136, 137 This explanation was crit-
icized by Wakamatsu,138 however. Thomas’ analysis starts from an estimate of the
u- and d-quark OAMs based on the improved cloudy bag model which also takes ac-
count of the exchange current contribution associated with the one-gluon-exchange
hyperfine interactions. Those model predictions are regarded as initial scale values
corresponding to a very low energy scale, say, 0.4GeV. Then, by solving the QCD
evolution equation for the u- and d-quark OAMs first derived by Ji, Tang, and
Hoodbhoy,139 he found that the OAMs of u- and d-quarks cross over around the
scale of 0.5GeV. This crossover of Lu and Ld is just what is required from the con-
sistency with the lattice QCD results given at the scale of Q2 ≃ 4GeV2. (Actually,
a careful observation reveals that the discrepancy between Thomas’ prediction and
the lattice QCD predictions at the scale Q2 = 4GeV2 is fairly large.) As pointed
out in Ref.138, however, the starting energy of evolution used in his analysis is fairly
low, and, at such low energy scales, Lu−d shows tremendously strong scale depen-
lHere, we are supposing the gauge-invariant MS factorization scheme not the Adler-Bardeen
scheme.
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dence. In fact, this behavior of Lu−d is related to the diverging behavior of the QCD
running coupling constant αS(Q
2) as Q2 → 0. If the magnitude of αS becomes too
large, one must suspect the validity of the used QCD evolution equation, which is
based on the framework of perturbative renormalization group equation. Also very
difficult to know is the size of ambiguity arising from the choice of the starting
energy of evolution, because the renormalization scale of any effective model can
be given only by a crude guess. Wakamatsu then advocated the following strategy.
Instead of carrying out upward evolution by starting from the predictions of effec-
tive models corresponding to low energy scales, one may start with the information
known at the high energy scales, say, at Q2 ≃ 4GeV2 and to carry out a down-
ward evolution by leaving the question where to stop this downward evolution. The
quantity Lu−d at the scale of Q2 = 4GeV2 can be estimated by using the relation
Lu−d = Ju−d − 1
2
∆Σu−d, (218)
with
Ju−d =
1
2
[ 〈x〉u−d + Bu−d20 (0) ] . (219)
Here, ∆Σu−d is identified with the beta-decay coupling constant g(I=1)A of the neu-
tron, which is known with high precision. The difference 〈x〉u−d between the u-
and d-quark momentum fractions at Q2 = 4GeV2 is also a fairly precisely known
quantity from the global analysis of the inclusive DIS data.140, 141 Only one un-
known is therefore the isovector anomalous gravito-magnetic moment Bu−d20 (0) of
the nucleon. Fortunately, this is an isovector quantity, which receives no DI contri-
bution, so that one can expect that the corresponding lattice QCD prediction by the
LHPC or the QCDSF-UKQCD collaborations is much more reliable than that for
Bu+d20 (0). The value of L
u−d estimated in this way is used as a initial condition given
at Q2 = 4GeV2, and the downward evolution was carried out to obtain the value
of Lu−d at the low energy scales corresponding to effective models of the nucleon.
Fig.4 shows an example of such calculations.138 One sees that the scale depen-
dence of Lu−d is in fact quite strong as Q2 becomes very low. At the unitarity
violating limit (Q2 ≃ (0.225GeV)2), 2Lu−d becomes close to zero.m However, at
the favorite matching scale with the cloudy bag model, i.e. Q2 ≃ (0.4GeV)2, one
still finds that 2Lu−d is sizably negative, i.e. 2Lu−d ≃ − 0.53. This negative value
with large magnitude is in sharp contradiction with the predictions of the refined
cloudy bag model or any quark model with SU(6)-like spin-flavor structure. Very
curiously, the prediction of the CQSM for 2Lu−d given in the papers 142, 138 is
negative with large magnitude, and it is consistent with the above phenomenolog-
ical estimate with partial use of the lattice data. It would be interesting to point
mThe unitarity violating limit here means the scale where the gluon momentum fraction becomes
negative, when one performs a downward evolution by starting from the empirical values of quark
and gluon momentum fractions given at Q2 = 4GeV2.
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Fig. 4. The scale dependence of 2Lu−d obtained by solving the leading-order evolution equation
with the LHPC lattice QCD prediction atQ2 = 4GeV2 with errors as initial condition of downward
evolution. Also shown by the filled square is the prediction of the improved cloudy bag model
corresponding to the scale Q20 = (0.4GeV)
2.
out the fact that the theoretical prediction for 2Lu−d given in these papers is not
the canonical OAM. It is obtained through the calculation of the forward limit of
Au−d20 (0) and B
u−d
20 (0) together with the Ji sum rule. It is therefore a quantity which
is conceptually closer to the mechanical OAM rather than the canonical OAM, al-
though the distinction between these two OAMs is not so clear for an effective quark
model like the CQSM, which is not a gauge theory.
Does the strong scale dependence of Lu−d rescue the discrepancy between the
prediction of the lattice QCD and that of the low energy models or not ? Or does
it suggest a significant numerical difference between the canonical and mechanical
OAMs in the nucleon ? The answer to this question is not yet absolutely clear.
However, it seems clear that the above mentioned puzzle provides us with valuable
nontrivial information on the role of quark OAMs in the nucleon spin decomposition
problem.
9. Summary and concluding remarks
Now we are in a position to answer the proposed question in the present paper.
“Is gauge-invariant complete decomposition of the nucleon spin possible ?”n The
truth appears that this question is a little bit too general to give a unique answer. If
the question concerns the most general nucleon spin decompositions including the
transverse spin sum rules, the answer is likely to be “No”. On the other hand, if the
nThe gauge-invariance here should be taken as a traditional one, not as the weak gauge-invariance
a la Lorce´.
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question concerns the most fundamental longitudinal nucleon spin decomposition,
the answer would most probably be “Yes”. The reason is the following. The two
“seemingly” covariant gauge-invariant decompositions (I) and (II) of the nucleon
spin proposed by Wakamatsu is of general nature in the sense that it still has a
large degrees freedoms such that it can be reduced to any known gauge-invariant
decompositions after an appropriate choice of the Lorentz frame of reference. In
particular, there is no doubt about that the decomposition (II) contains the two
popular gauge-invariant decompositions of Chen et al. and of Bashinsky-Jaffe, de-
pending on an appropriate choice of Lorentz frame and a suitable condition which is
necessary to uniquely specify the decomposition of the gauge field into the physical
and pure-gauge components. Since each term of those two decompositions is sepa-
rately gauge-invariant, both are clearly gauge-invariant decompositions. Remember
the fact that, in the QED case, the Chen decomposition is nothing but the famil-
iar transverse-longitudinal decomposition of the photon field and in particular that
the transverse component is a gauge-invariant quantity with unambiguous physical
meaning. Still, things to be worried about here is that the transverse-longitudinal
decomposition or the concept of transversality of the gauge field is generally Lorentz-
frame dependent concept. This is the reason of general statements found in many
standard textbooks of electrodynamics, which tells that the total photon angular
momentum cannot be gauge-invariantly decomposed into the orbital and intrinsic
spin parts. This statement would certainly be true in the most general context.
However, as shown in sect.5, this is not necessarily the case for the longitudinal
component of the total photon angular momentum. The point is that the helicity
for a massless particle is a Lorentz-invariant quantity.o The component of the total
photon angular momentum along the direction of the photon momentum can be de-
composed into the orbital and intrinsic spin parts in a gauge- and frame-independent
way and both are definite observables.
Coming back to our nucleon spin decomposition problem, the helicity sum rule
of the nucleon is basically a Lorentz-frame independent sum rule. In particular, it is
invariant under a wide class of Lorentz boost in the direction of the nucleon momen-
tump . Because the longitudinal spin sum rule of the nucleon, or the helicity sum
rule, is invariant under such Lorentz-boosts, one can work in any Lorentz-frame.
This especially means that there is nothing wrong in working within a noncovari-
ant framework like in the Chen decomposition. A logical conclusion drawn from
this consideration is that the Chen decomposition and the Bashinsky-Jaffe decom-
position (or the Hatta decomposition), which can be reduced from more general
decomposition (II) a la Wakamatsu would give the same answer for the longitu-
dinal decomposition of the nucleon spin. Note, however, that this is not true for
oIn fact, there is an explicit proof that the photon helicity is an invariant, even though, in general,
Lorentz boosts transform the transverse, longitudinal, and the time-like components of the vector
potential into each other.143
pNaturally, since the nucleon is a massive particle, its helicity can change under an extremely fast
Lorentz boost in the nucleon momentum direction.
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more general nucleon spin decompositions like the transverse decomposition of the
nucleon spin. At any rate, an important conclusion drawn from the consideration
above is that the longitudinal gluon spin ∆G is most likely to be a gauge- and
frame-independent observable. In other words, ∆G is a gauge-invariant quantity in
a traditional or strong sense at variance with the statement in the review by Leader
and Lorce´.82
Another important subject addressed in the present review is the question of
observability of the two kinds of OAMs of quarks and gluons, i.e. the mechanical
OAM and the generalized (gauge-invariant) canonical OAM. Now it is a wide-spread
belief in the QCD spin physics community that the canonical OAM (not the me-
chanical OAM) is the quantity with natural physical interpretation as OAMs of
free partonic motion of constituents, i.e. quarks and gluons. There are two rea-
sons for this belief. First, the generalized canonical OAMs are believed to obey the
standard angular momentum commutation relation, so that they are supposed to
work properly as generators of spatial rotation. Second, it is widely believed that
the dynamical quark OAM is given as a sum of the canonical quark OAM and the
potential angular momentum, which appears to support the interpretation that the
dynamical quark OAM contains the genuine twist-3 quark-gluon interaction term.
As explained in the present paper, both these beliefs are not necessarily justified.
Concerning the first one, we have shown that, for a massless photon, neither of
the canonical OAM nor the intrinsic spin satisfies the SU(2) algebra. It was also
shown that this observation is inseparably connected with the fact that there is no
rest frame for a massless particle. Concerning the second question, we have given a
plausible argument to show that what contains the potential angular momentum is
rather the canonical quark OAM than the dynamical quark OAM, in contradiction
to naive expectation. These observations are by no means academic ones. In fact,
they have important consequences on the possible observability of the two OAMs.
Now we know that the canonical OAM is related to a certain moment of the Wigner
distribution, which is expected to describe the partonic orbital motion of quarks in
the plane perpendicular to the direction of nucleon momentum and spin. However,
the recent paper by Courtoy et al. revealed a principle difficulty of observing the
relevant distribution appearing in this sum rule.105 On the other hand, the dynam-
ical OAMs are already known to have clear relations to DIS observables. One is the
indirect relations through the GPDs and the Ji sum rule. The other is the relation
in which the dynamical quark OAM is given as a 2nd moment of the GPD G2.
Although the actual experimental determination of G2 would not be an easy task,
an interesting fact is that the genuine twist-3 part of G2 does not contribute to this
sum rule and that the Wandzura-Wilczek part of G2 is completely determined by
the twist-2 GPDs Hq(x, 0, 0), Eq(x, 0, 0), and H˜q(x, 0, 0). This appears to support
our viewpoint that what contains the genuine twist-3 quark-gluon interaction term
is not the dynamical quark OAM but the canonical quark OAM.
To sum up, what descriminates the two gauge-invariant decompositions of the
nucleon spin are the orbital angular momentum parts of quarks and gluons. They
July 20, 2018 7:45 WSPC/INSTRUCTION FILE Review˙NSpin
48 Authors’ Names
are specified by the two different OAMs, i.e. the dynamical OAM and the canoni-
cal OAM. For a weakly-coupled gauge system like the hydrogen atom, there is no
practical difference between these two OAMs and there is nothing wrong in believ-
ing that the canonical OAM is a natural building block of quantum theory. This
is because the weak interactions between the transverse photons and the charged
particles can be introduced and handled at later stage as a perturbation. For a
strongly-coupled gauge systems like the nucleon, however, the distinction between
the canonical OAM and the dynamical OAM becomes crucial. Here, we cannot ne-
glect the Fock-components of the transverse gluon in the nucleon wave function.
Otherwise, we would have no gluon distributions. This means that, when one talks
about the OAMs of quarks and gluons in the nucleon, one must at the least be
clearly conscious of which OAMs one is thinking of.
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